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EXTENDABLE COHOMOLOGIES FOR COMPLEX ANALYTIC
VARIETIES
CARLO PERRONE
Citro Cucurbitæque maximis
Abstract. We introduce a cohomology, called extendable cohomology, for ab-
stract complex singular varieties based on suitable differential forms. Beside
a study of the general properties of such a cohomology, we show that, given
a complex vector bundle, one can compute its topological Chern classes us-
ing the extendable Chern classes, defined via a Chern-Weil type theory. We
also prove that the localizations of the extendable Chern classes represent the
localizations of the respective topological Chern classes, thus obtaining an ab-
stract residue theorem for compact singular complex analytic varieties. As an
application of our theory, we prove a Camacho-Sad type index theorem for
holomorphic foliations of singular complex varieties.
Introduction. One of the more important contributions to the study of com-
plex vector bundles over differentiable manifolds has been given by the Chern-Weil
theory. Thanks to such a theory it is possible to describe the topological Chern
classes of a complex vector bundle on a manifold (which lie in the topological co-
homology groups of the manifold) by means of the differentiable Chern classes of
the bundle (which belong to the de Rham cohomology groups of the manifold).
By their very definition, the differentiable Chern classes of a complex vector bun-
dle are built starting from suitable differentiable differential forms on the manifold.
This is the reason why, until now, it was impossible to achieve a generalization
of the Chern-Weil theory allowing to study complex vector bundles over singular
varieties. In fact, the hurdles for having such a theory are tied to the difficulties of
giving an appropriate definition of differential forms on singular spaces.
In this paper we solve the problem of extending the Chern-Weil theory to the
case of abstract complex analytic varieties. Namely, we introduce a suitable notion
of differential forms, the extendable differentiable differential forms, we develop a
cohomology theory based on such forms, we define the extendable Chern classes for
differentiable complex vector bundles over complex analytic varieties and we prove
that these classes represent the topological Chern classes of the bundle.
The starting point is the following. In the case of complex analytic varieties,
it can be given several natural definitions of holomorphic differential forms. Nev-
ertheless, although remarkable results have been obtained, the development of the
theories based on such holomorphic forms did not carry on, because of the failure of
the Poincare´ lemma. Namely, the cohomologies associated with these holomorphic
forms are not, in general, locally trivial (cp. [Fe 1], [Fe 2], [He 1], [He 2], [Bl-He]).
Anyway, all these definitions of holomorphic differential form are such that the
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sheaves of germs of such forms share the following property: it is a sheaf of mod-
ules (over the ring of holomorphic functions on the variety) that, even if it is not
necessarily locally free, it is always coherent (cp. [Fe 2]).
On the other hand, we need differential forms that are differentiable but not
necessarily holomorphic. So, we define the sheaf of extendable differentiable differ-
ential forms we are interested in by tensorizing one of the sheaves of holomorphic
differential forms with the sheaf of rings of differentiable functions on the variety.
In view of our aim of extending the Chern-Weil theory, the choice of the sheaf of
holomorphic differential forms is not important, even if, of course, different choices
generally lead to different results. In fact, we only need the coherence of the sheaf
of extendable differentiable differential forms.
Extendable differentiable differential forms enjoy many properties of differential
forms on smooth manifolds (for example, they always have bounded coefficients),
even if the proof of some of these properties is not trivial, because of the presence of
singularities (see, for example, Lemma 2, Proposition 5, Theorem 3). On the other
hand, the cohomology groups associated with extendable forms (the extendable
cohomology groups) are not locally trivial (cp. Example 3).
Let E → X be a differentiable (holomorphic) C-vector bundle over an abstract
finite dimensional complex analytic variety X . By using the theory of extendable
forms, we introduce the notions of extendable linear connections and extendable
curvatures for E. Let ∇ be an extendable linear connection for E. We define the
extendable Chern forms c•ext(∇) associated with ∇ and, arguing as in the smooth
case, we show that c•ext(∇) are closed and only depend on E. Then, we define
extendable Chern classes of E as the cohomology classes c•ext(E) = [c
•
ext(∇)].
Next, we may define an operator of integration of extendable forms on simplices
(recall that any complex analytic variety is triangulable). Let H•ext(X) denote the
extendable cohomology groups of X . Then the operator of integration induces
a homomorphism H• : H•ext(X) → H•(X) between extendable and topological
cohomology groups (cp. Section 4). We prove the following theorem (cp. Theorem
6).
Theorem Let X be an abstract complex analytic variety of complex dimension n and
E → X a differentiable (holomorphic) complex vector bundle of rank e.
Take q ∈ {1, ..., n} with q ≤ e. Then cqtop(E) = H2q (cqext(E)), where
c•top(E) denote the topological Chern classes of E.
One of the topics we deal with in this paper is to prove residue theorems for
holomorphic complex vector bundles over compact irreducible abstract complex
analytic varieties. Let X be a complex analytic variety of dimension n and χ ∈
H•(X) an element in the topological cohomology groups of X . It can happen that
the class χ could represent the first order obstruction to the existence of a certain
global object o onX (for example, topological Chern classes represent the first order
obstruction to the existence of global frames for complex vector bundles). Generally
and very roughly speaking, one asks where on the variety X the existence of o is
obstructed. Namely, one asks where on X the class χ vanishes. Let S denote the
loci where o exists (χ vanishes). It could be possible to make a clever choice of S,
even if such loci, in general, are not unique. Then, on X \ S, that is outside S, the
object o exists and the class χ vanishes.
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Now, assume that X is compact and let P ∗• : H
• (X) → H2n−• (X) be the
Poincare´ homomorphism. Suppose that S is an analytic subvariety of X and con-
sider the exact sequence
· · · → H• (X,X \ S)→ H• (X)→ H• (X \ S)→ · · ·
If the image of χ ∈ H• (X) in H• (X \ S) is 0, then there exist κ ∈ H• (X,X \ S)
whose image in H• (X) is χ. Such a κ is the localization of χ at S and, in general, it
is not unique. Nevertheless, if S is compact, by taking into account the Alexander-
Lefschetz homomorphism A∗S,• : H
• (X,X \ S)→ H2n−• (S) and the commutative
diagram
H• (X,X \ S) → H• (X)
↓ A∗
S,•
↓ P∗
•
H2n−• (S)
i∗→ H2n−• (X) ,
we get the formula P ∗•(χ) = (i∗ ◦A∗S,•)(κ). This is an ”index theorem” (see [Su 1]).
If • = 2n and S is a finite set of points {pν}, thenH0(S) = ⊕νH0(pν) andA∗S,•(κ) =∑
ν Res(κ, pν), where Res(κ, pν) ∈ H0(pν) is ”the residue of κ at pν”. So, the index
theorem can be written as
P ∗2n(χ) =
∑
ν i∗(Res(κ, pν)).
Next, taking into account the homomorphism H2n : H2next(X) → H2n(X) induced
by integration on simplices, we have P ∗2n◦H2n =
∫
[X]
, where [X ] is the fundamental
class of X . So, if χext ∈ H2next(X) is such that χ = H2next(χext), then we get∫
[X] χext =
∑
ν i∗(Res(κ, pν))
Namely, a ”residue theorem”. We prove the following theorem (cp. Theorem 7).
Theorem Let X be a compact and irreducible complex analytic variety of complex
dimension n and E → X a holomorphic complex vector bundle of rank e.
Take q ∈ {0, ..., n} with q ≤ e and set r = e− q+1. Let s(r) be a holomor-
phic r-section of E and S the singular locus of s(r) and cqtop(E, s
(r)) the lo-
calization at S of cqtop(E) determined by s
(r). Set TopRescqtop(E, s
(r), S) =
A∗S,2q(c
q
top(E, s
(r))). Then
P ∗2q ◦H2q(cqext (E)) = i∗(TopRescqtop(E, s(r), S)).
If q = n, then∫
[X] c
n
ext(E) = i∗(TopRescntop(E, s
(r), S)).
Actually, a residue theorem becomes really useful only if the residue can be ex-
plicitly and easily computed. In order to solve this problem, several people widely
and successfully used the theory of Cˇech-de Rham. Among other authors, we men-
tion J. P. Brasselet, D. Lehmann and T. Suwa, who, furthermore, greatly developed
such a theory (see [Le-Su], [Br-Su], [Su 1] and references therein). Indeed, Cˇech-de
Rham theory provides with very handleable tools to explicitly compute the residue,
at least in the case of isolated singularities. We should note that, until now, only the
cases of manifolds, submanifolds embedded in a manifold and, at most, subvarieties
embedded in a manifold were studied (see [Le-Su], [Su 1], [Su 3]). In fact, in these
cases, in order to have a Cˇech-de Rham type theory, the differentiable differential
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forms of the ambient are used. On the other hand, our theory allows to take into
account the case of abstract complex analytic varieties.
In this paper we also develop a Cˇech-de Rham type theory for extendable forms.
By means of such a theory, we can compute the residue of the localizations of
several characteristic classes, at least if the singularities are isolated. For instance,
we obtain a generalization of Camacho-Sad index theorem (see Theorem 8 for a
more general statement).
Theorem Let X be an abstract complex analytic variety of complex dimension 2, F
a holomorphic foliation of X and Y an F-invariant globally irreducible
Cartier divisor of X such that Y * Sing(X). Set S = (Sing(F) ∩ Y ) ∪
Sing(Y ) and let NY → Y be the line bundle O([Y ]). Then∫
[Y ] c
1
ext(NY ) = i∗(Resc1ext(NY ,F , S)),
where c1ext(NY ,F , S) is the localization of c1ext(NY ) at S determined by F
and Resc1ext(NY ,F , S) are, in fact, complex numbers which only depend on
the behaviour F of around S.
Suppose that S only contains an isolated singular point p ∈ Sing(Y )∩
Sing(F)∩ Sing(X) and that the stalk Fp is generated on OX,p by a single
element of T Xp. Let (h, y) be local coordinates on XReg near p such that
y is a local coordinate on Y ′ = Y \ ((Sing(X) ∩ Y ) ∪ Sing(Y )) near each
point of Y ′ \ {p}. If the holomorphic vector field ̥ ∈ T X generating F
is locally given by ̥ = a(h, y)h ∂
∂h
+ b(h, y) ∂
∂y
, with a and b holomorphic
functions such that b(0, y) is not identically equal to zero, then
i∗(Resc1ext(NY ,F , p)) = 12pi√−1
∫
Lk(p)
a(0,y)
b(0,y) dy,
where Lk(p) is the link of the singularity.
The work is organized as follows. In Section 1 we fix some important notations.
In Section 2 we define extendable vector bundles on complex analytic varieties and
extendable sections of extendable bundles. Then, we study in a deeper way the im-
portant case of extendable differentiable differential forms. In Section 3 we define
the extendable cohomology groups and we prove several important results concern-
ing these groups. In Section 4 we define a homomorphism between extendable and
topological cohomology groups of complex analytic varieties. In Section 5 lie the
main results of our work. We use the notion of extendable sections to introduce
extendable connections and extendable Chern classes for complex vector bundles
over complex analytic varieties. Then, we show that these classes represent the
topological Chern classes (defined by means of obstruction theory) via the homo-
morphism of integration described in Section 4 (cp. Theorem 6). More precisely, we
represent the localizations of the topological Chern classes by means of the respec-
tive localizations of the extendable Chern classes (cp. Theorem 5). Furthermore, in
the compact case, we prove an abstract residue theorem (cp. Theorem 7). Finally,
we prove a Camacho-Sad type index theorem for holomorphic foliations of singular
complex varieties and, under suitable hypotheses, we explicitly compute the residue
at isolated singularities (cp. Theorem 8).
It is in our opinion that the extendable objects we introduced can be successfully
used in order to solve problems of continuous and discrete holomorphic dynamics in
the setting of singular varieties, avoiding the desingularization processes. Indeed,
we think that the theory of extendable differentiable forms which we have developed
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lends itself to many uses and applications. In fact, generalizations similar to the
ones of residue theorem (cp. Theorem 7) and Camacho-Sad index theorem (cp.
Theorem 8) can be achieved in several contexts.
I would like to thank very much Professors F. Bracci and T. Suwa for their
generous help and for their precious advices. I wish to thank also Professor J. V.
Pereira for his useful remarks improving this work. Finally, I want to thank the
anonymous referee for the large amount of mathematical suggestions that improved
this paper.
1. Main notations
Let M be a complex differentiable manifold. The sheaves of germs of differen-
tiable and holomorphic functions on M are denoted by C∞M and, respectively, by
OM . The real (holomorphic, antiholomorphic, complexified real) cotangent and
tangent bundles ofM are denoted by T ∗M (T∗M , T¯∗M , TC∗M) and, respectively,
by TM (TM , T¯M , TCM). For each p ∈ N we denote by EpM and by ΩpM the sheaves
of germs of differentiable and, respectively, holomorphic differential p-forms on M .
Recall that an abstract complex analytic variety X of complex dimension n is a
second countable, Hausdorff topological space for which there exist an open covering
C = {Al}l∈L and homeomorphisms
(1.1) Fl : Al → Wl
between the subsets Al ⊆ X and holomorphic subvarieties Wl ⊆ Ul of open sets
Ul ⊆ Cnl such that for each nonempty intersection A(l1,l2) = Al1 ∩ Al2 the map
(1.2) F(l1,l2) : Fl2(A(l1,l2))→ Fl1(A(l1,l2))
defined by F(l1,l2) = Fl1 ◦F−1l2 |Fl2(A(l1,l2)) is a biholomorphism such that the regular
part of X is endowed with a structure of a complex manifold of complex dimension
n. A covering as C is a coordinate open covering of X or an atlas of X . Sometimes,
to make explicit all the data carried by an atlas C, we write
(1.3) C = {(Al, nl, Ul,Wl, Fl)}l∈L.
Let X be an abstract finite dimensional complex analytic variety. The singular
locus and the regular part of X will be denoted by Sing(X) and, respectively, by
either XReg or X ′. Recall that Sing(X) is a complex analytic subvariety of X
and that XReg is an open and dense subset of X . The maximal atlas of X will be
denoted by A = {Ai}i∈I and, given any x ∈ X , the set {i ∈ I : Ai ∋ x} ⊂ I will be
denoted by I(x). Finally, the sheaves of germs of differentiable and holomorphic
functions on X will be denoted by C∞X and, respectively, by OX .
A finite dimensional complex analytic variety X is a locally compact and para-
compact topological space.
Lemma 1. Let X be a finite dimensional complex analytic variety and V = {Vj}j∈J
an open covering of X. Then
(1) There exists an open covering V∗ = {V ∗j }j∈J of X whose set of indices is
still J and such that for any j ∈ J it holds V ∗j ⊆ Vj.
(2) There exists an open covering V• = {V •λ }λ∈Λ of X refining V and such
that for each λ˜ ∈ Λ there is a finite subset of indices Λ(λ˜) ⊂ Λ such that
V •λ ∩ V •λ˜ 6= ∅ if and only if λ ∈ Λ(λ˜).
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Proof. X is a locally compact and paracompact topological space. So, the results
follow from General Topology (cp. [Ch-To-Ve]). 
Finally, for a general reference on complex analytic varieties, see [Gu], Vol. II.
2. Extendable bundles
2.1. Extendable vector bundles. We begin with the following definition.
Definition 1. Let X be an abstract finite dimensional complex analytic variety and
E′ → X ′ a differentiable real (complex) vector bundle over X ′. We say that E′ is
SE′-extendable if there exists a coherent sheaf SE′ of C∞X -modules over X such that
SE′ |X′ = C∞X (E′). A sheaf as SE′ is associated with E′.
An other definition will be also necessary.
Definition 2. Let X be an abstract finite dimensional complex analytic variety and
E′ → X ′ an SE′-extendable differentiable real (complex) vector bundle. A section
s′ ∈ SE′ |X′(X ′) of E′ is SE′ -extendable if there exists a section s ∈ SE′(X) such
that s′ = s|X′ . A section as s is an SE′ -extension of s′.
As a matter of notations and terminologies, the set
(2.1) Γext(X
′, E′) = {s′ ∈ Γ(X ′, E′) : s′is SE′-extendable},
also denoted by Γext(E
′) = Γext(X ′, E′), is called space of SE′-extendable differen-
tiable sections of E′. The sheaf of germs of SE′ -extendable differentiable sections
of E′ is denoted by extE ′.
We present a simple but fundamental example.
Example 1. Let X be an abstract finite dimensional complex analytic variety,
E → X a differentiable real (complex) vector bundle over the whole of X and E the
sheaf of germs of differentiable sections of E. Then the bundle E′ = E|X′ → X ′ is
E-extendable.
Let s : X → E be differentiable global section of E. Then s′ = s|X′ is an
E-extendable section of E′.
Less trivial examples of extendable vector bundles will be discussed in Subsection
2.2.
Notation 1. Let X be an abstract finite dimensional complex analytic variety and
S a sheaf over X. Given an atlas {(Ak, nk, Uk,Wk, Fk)}k∈K of X (cp. Section
1 and, in particular, (1.3)), we simply denote by Sk the sheaf (Fk)∗(S|Ak) over
Fk(Ak).
Let X be an abstract finite dimensional complex analytic variety and A =
{Ai}i∈I the maximal atlas of X (cp. Section 1). For any i ∈ I write A′i =
Ai \ Sing(X). Let E′ → X ′ be an SE′-extendable differentiable real (complex)
vector bundle over X ′. By the very definition of extendable bundle (cp. Definition
1), the sheaf SE′ is coherent. So, for any x ∈ X there exists an index l ∈ I(x) such
that the restriction SE′ |Al of SE′ at Al is generated by a finite number of sections
and such that the sequence
(C∞X )νl |Al → SE′ |Al → 0,
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with νl ∈ N, is exact. As a note, the number νl ∈ N is, in general, bigger than the
Zariski dimension of the germ Xx of X at x. Then the sequence
((C∞X )νl |Al)l → (SE′ |Al)l → 0
is also exact. Now, taking into account the following exact sequence of sheaves
(C∞
Cnl
)νl |Ul → ((C∞X )νl |Al)l → 0, we get a diagram of surjective maps
(2.2)
(C∞
Cnl
)νl |Ul
↓
((C∞X )νl |Al)l
↓
0
→ (SE′ |Al)l → 0
In particular, the map ζ l : (C∞Cnl )νl |Ul → (SE′ |Al)l is surjective.
Next, consider the restriction map ǫl : SE′ |Al → SE′ |A′l and the map
(2.3) εl : (SE′ |Al)l → (SE′ |A′l)l
induced by ǫl. These maps are not surjective in general. However, if a
′ ∈ Im(ǫl),
then there exists a˜ ∈ (C∞
Cnl
)νl |Ul such that a′l = εl ◦ ζ l(a˜), with a′l = [Fl]∗(a′).
This happens, for example, in the case of extendable sections. Indeed, if s′ ∈
SE′ |X′(X ′) is an SE′ -extendable section of E′ and if s ∈ SE′(X) is an SE′ -extension
of s′, then s′ gives rise to an element s′l of (SE′ |A′l)l which lies in the image of
εl : (SE′ |Al)l → (SE′ |A′l)l. Denoting by sl ∈ (SE′ |Al)l the element determined by
s, we have s′l = εl(sl). So, there exists s˜l ∈ (C∞Cnl )νl |Ul such that
(2.4) s′l = εl ◦ ζl(s˜l),
because of the surjectivity of ζ l : (C∞Cnl )νl |Ul → (SE′ |Al)l.
Remark 1. Let X, A, E′ → X ′ and SE′be as in the above discussion. We wish to
stress the fact that the sheaf SE′ determines an atlas CE′ of X. Namely, the atlas
that, using the above notations (cp. (1.3)), is given by CE′ = {(Al, nl, Ul,Wl, Fl)}.
An atlas as CE′ is an atlas associated with E′ or an atlas of trivializing extensions
for E′.
We need to introduce some terminology.
Terminology 1. Let X, E′ → X ′, SE′be as above and s′ ∈ Γext(E′) an SE′-
extendable section of E′. Let CE′ = {Al} be an atlas associated with E′.
Let Y be a subset of X and x ∈ Y . We say that s′ is extended by s˜l on Y
around x ∈ Y if there exist Al ∈ CE′ such that Al ∋ x and s˜l ∈ (C∞Cnl )νl |Ul such
that (Fl|A′
l
)∗(s′|A′
l
) = εl ◦ ζl(s˜l). Let Y = A be an open subset of X. We say that
s′ is completely extendable on A if for each x ∈ A the open set Al contains A.
We have the following proposition.
Proposition 1. Let X1 and X2 be finite dimensional complex analytic varieties
and h : X1 → X2 an analytic map. Let E → X2 be a differentiable complex (real)
vector bundle defined over the whole of X2, s
′ : X ′2 → E|X′2 an extendable section
of E|X′2 → X ′2 and s ∈ E(X2) an extension of s′. Then (h|X′1)∗(s) : X
′
1 → h∗(E)|X′1
is an extendable differentiable section of h∗(E)|X′1 → X ′1.
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Proof. h∗(E) is a locally free sheaf of C∞X2 -modules over X1, because E , the sheaf
over X2 of germs of differentiable sections of E → X2, is a locally free sheaf of
C∞X2-modules. Moreover, since the map h induces a morphism h∗ : C∞X2 → C∞X1 , the
sheaf h∗(E) ⊗C∞
X2
C∞X1 is a well defined locally free sheaf of C∞X1 -modules over X1.
Furthermore, h∗(E) ⊗C∞
X2
C∞X1 is the sheaf of germs of differentiable sections of the
bundle h∗(E) → X1. So, the section (h|X′1)∗(s) : X
′
1 → h∗(E)|X′1 is extendable,
because the section t ∈ (h∗(E)⊗C∞
X2
C∞X1)(X1) defined by t = h∗(s)⊗1 is an extension
of it. 
The hypotheses of Proposition 1 can be weakened. Let E′ → X ′2 be an extend-
able bundle over X ′2 and consider its pull back (h|h−1(X′2))∗(E′) → h−1(X ′2) via
h|h−1(X′2). A priori, such a bundle is not extendable, because, by the very definition
of extendable bundle, a necessary condition for (h|h−1(X′2))∗(E′) to be extendable
is to be defined at least on the whole of X ′1, the regular part of X1 (cp. Definition
1). So, in order to generalize Proposition 1, we have to assume that X ′1 ⊆ h−1(X ′2),
that is
(2.5) h−1(Sing(X2)) ⊆ Sing(X1).
Proposition 2. Let X1 and X2 be finite dimensional complex analytic varieties and
h : X1 → X2 an analytic map such that h−1(Sing(X2)) ⊆ Sing(X1). Let E′ → X ′2
be an SE′-extendable differentiable real (complex) vector bundle and s′ : X ′2 → E′ be
an SE′-extendable section of E′. Then the restriction (h|h−1(X′2))∗(E′)|X′1 → X ′1 of
(h|h−1(X′2))∗(E′)→ h−1(X ′2) at X ′1 is a (h∗(SE′)⊗C∞X2 C
∞
X1
)-extendable vector bundle
and (h|X′1 )∗(s′) : X
′
1 → h∗(E′)|X′1 is a (h∗(SE′)⊗C∞X2 C
∞
X1
)-extendable differentiable
section of h∗(E′)|X′1 → X ′1.
Proof. Since SE′ is a coherent sheaf of C∞X2-modules overX2 whose restriction atX ′2
is a locally free sheaf of C∞X2 -modules, its pull back h∗(SE′) via h is a coherent sheaf
of C∞X2 -modules over X1 whose restrictions at h−1(X2) and at X ′1 are a locally free
sheaves of C∞X2 -modules. Moreover, the map h induces a morphism h∗ : C∞X2 → C∞X1 .
So, h∗(SE′ ) ⊗C∞
X2
C∞X1 is a well defined coherent sheaf of C∞X1 -modules over X1
whose restrictions at h−1(X2) and at X ′1 are a locally free sheaves of C∞X1 -modules.
Then the vector bundle (h|h−1(X2))∗(E′)|X′1 → X ′1 is extendable is (h∗(SE′) ⊗C∞X2C∞X1)-extendable, because the restriction of (h∗(SE′) ⊗C∞X2 C
∞
X1
) at X ′1 coincides
with the locally free sheaf of C∞X1 -modules of germs of differentiable sections of
(h|h−1(X2))∗(E′)|X′1 . Finally, the section (h|X′1)∗(s) : X
′
1 → h∗(E′)|X′1 is extendable,
because it admits the extension h∗(s) ⊗ 1 ∈ (h∗(SE′) ⊗C∞
X2
C∞X1)(X1), with s ∈
SE′(X2) any extension of s′ : X ′2 → E′. 
2.2. Extendable differential forms. In this subsection we study the extendable
vector bundles we are mainly interested in. Actually, the definition of extendable
vector bundles given in Subsection 2.1 (cp. Definition 1) has been based on such
examples.
Let X be an abstract finite dimensional complex analytic variety. We need the
following observations.
(1) Denote by TX ′ and T ∗X ′ the holomorphic tangent and, respectively, cotan-
gent bundles of the manifold X ′. Then, in case Sing(X) 6= ∅, the bundles
TX ′ and T ∗X ′ are not the restriction at X ′ of any vector bundle defined
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on the whole of X . The same holds for every their tensor power, for every
their non trivial algebraic quotient and for every their vector subbundle.
In particular, for any N, N∗, p ∈ N the bundles TX ′⊗N ⊗ T ∗X ′⊗N∗ and
ΛpT ∗X ′ are not the restriction at X ′ of any bundle defined on X .
(2) Let TX and T∗X be the holomorphic tangent and, respectively, holo-
morphic cotangent varieties of X . The following diffeomorphisms (de-
noted by ≈) of real vector bundles hold: TX ′ ≈ TX ′ = TX |X′ and
T ∗X ′ ≈ T∗X ′ = T∗X |X′ (cp. Proposition 6.2 of Chapter I of [Su 1]).
(3) Let OX(TX) be the sheaf of germs of holomorphic vector fields onX . Then
OX(TX) is a sheaf of OX -modules over X that, even if it is not necessarily
locally free, is always coherent.
(4) Denote by ΩX the sheaf of germs of holomorphic differentials on X . Then
ΩX is a coherent sheaf of OX -modules over X . Furthermore, in case X is
reduced and irreducible, ΩX is locally free if and only if X is regular (see
Theorem 8.15 of [Hs]).
(5) Fix p ∈ N. We wish to consider the sheaf over X of germs of holomorphic
p-form on X . Actually, several different definitions of such a sheaf can be
given. So, for the moment, just choose one of them, call it the sheaf over
X of germs of holomorphic p-form on X and denote it by ΩpX . Anyway,
as it will be clear from the following discussion, to our purposes, it is not
important which of the several candidates has been chosen. Indeed, what it
is really important is the following property common to any sheaf candidate
to be the sheaf of germs of holomorphic p-form on X : it is a sheaf of OX -
modules that, even if it is not necessarily locally free, it is always coherent
(cp. [Fe 2]).
Let us recall that C∞X is the sheaf of germs of differentiable functions on X (see
Section 1).
Remark 2. Let X be an abstract finite dimensional complex analytic variety.
Then TX ′ → X ′ is (OX(TX) ⊗OX C∞X )-extendable and T ∗X ′ → X ′ is (ΩX ⊗OX
C∞X )-extendable. Analogously, every tensor power, every non trivial algebraic quo-
tient and every vector subbundle of TX ′ and T ∗X ′ is an extendable vector bun-
dle. In particular, for any N, N∗, p ∈ N the bundle TX ′⊗N ⊗ T ∗X ′⊗N∗ is
((Ω⊗NX ⊗OXOX(TX)⊗N
∗
)⊗OX C∞X )-extendable and the bundle ΛpT ∗X ′ is (ΩpX⊗OX
C∞X )-extendable.
We introduce more manageable notations.
Notation 2. Let X be an abstract finite dimensional complex analytic variety. For
each N, N∗, p ∈ N the sheaf (Ω⊗NX ⊗OX OX(TX)⊗N
∗
)⊗OX C∞X will be denoted by
SN,N∗ and the sheaf ΩpX ⊗OX C∞X will be denoted by Sp.
Thus the bundles TX ′⊗N ⊗ T ∗X ′⊗N∗ and ΛpT ∗X ′ are SN,N∗-extendable and,
respectively, Sp-extendable. As a note, both S0,0|X′ and S0|X′ coincide with C∞X′ =
C∞X |X′ .
Example 2. Let X be an abstract finite dimensional complex analytic variety and
E → X a differentiable real (complex) vector bundle. Then for each N, N∗, p ∈ N
the bundle TX ′⊗N ⊗ T ∗X ′⊗N∗ ⊗ ΛpT ∗X ′ ⊗ E|X′ is (SN,N∗ ⊗ Sp ⊗ E)-extendable.
The following definition is justified by the very important role played by the
Sp-extendable sections of ΛpT ∗X ′.
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Definition 3. Let X be an abstract finite dimensional complex analytic variety and
p ∈ N. The space
(2.6) Γext(Λ
pT ∗X ′) = {ω ∈ Γ(X ′,ΛpT ∗X ′) : ω is Sp-extendable}
of Sp-extendable differentiable sections of ΛpT ∗X ′ is called space of extendable
differentiable p-forms on X.
In what follows, we heavily use Notations of Section 1 (see (1.3)) and Subsection
2.1.
Let X be an abstract finite dimensional complex analytic variety, p ∈ N and
Cp = {(Al, nl, Ul,Wl, Fl)}l∈L an atlas of trivializing extension for the Sp-extendable
bundle ΛpT ∗X ′ (cp. Remark 1). Up to shrink the open sets of Cp, if necessary, we
can improve (2.2) and get the following commutative diagram of surjective maps
(for the notations see Section 1).
(2.7)
(C∞
Cnl
)νl |Ul → EpUl↓ ↓
((C∞X )νl |Al)l → (Sp|Al)l
Indeed, it suffices to observe that for any x ∈ X the index l ∈ I(x) can be chosen
in such a way that nl verifies the following inequality
(
nl
p
) ≤ νl.
Thus, thanks to (2.7), (2.4) can be also improved. Namely, ω ∈ Γ(ΛpT ∗X ′) is
extendable if and only if for each x ∈ X there are Al ∈ Cp and
(2.8) ω˜l ∈ Γ(ΛpT ∗Ul)
such that
(2.9) ω|A′
l
= [Fl|A′
l
]∗(ω˜l).
We have the following remark (cp. [Pe]).
Remark 3. Let X be a finite dimensional complex analytic variety and C = {Al}l∈L
an atlas of X. Then ω ∈ Γ(ΛpT ∗X ′) is extendable on X if and only if it is extend-
able on Al ∈ C for any l ∈ L.
We explicitly note some facts concerning extendable forms.
Remark 4. Let X be a finite dimensional complex analytic variety and ω ∈
Γext(⊕p∈NΛpT ∗X ′) an extendable form on X. Then for any point x ∈ X, even
singular, there exists a neighborhood Ax of x such that ω|Ax∩XReg is bounded. This
follows from the very definition of extendable sections (cp. Definition 3) and from
(2.7), (2.8), (2.9).
Remark 5. Let X1, X2 be finite dimensional complex analytic varieties and h :
X1 → X2 an analytic map. If ω ∈ Γext(⊕p∈NΛpT ∗X ′2) is an extendable form on
X2, then its pull back (h|h−1(X′2)∩X′1)∗(ω) is not, in general, an extendable form
on X1. Indeed, in order to have the extensibility of (h|h−1(X′2)∩X′1)∗(ω), Condition
(2.5) must be verified (cp. Proposition 2).
Let X be an abstract finite dimensional complex analytic variety and fix p ∈ N.
Let Z be the closure of a non empty open set of X which is also a polyhedron
of X and denote by i : Z →֒ X the inclusion. As a matter of notations, set
Sing(Z) = Z ∩ Sing(X) and Z ′ = Z ∩X ′. Then
(2.10) i−1(Sing(X)) ⊆ Sing(Z).
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The set
(2.11) Γext(Λ
pT ∗X ′)Z = {ω ∈ Γext(ΛpT ∗X ′) : (i|Z′ )∗(ω) = 0}
is called space of extendable (differentiable) differential p-forms (on X) vanishing
on Z. It is easy to prove that Γext(Λ
pT ∗X ′)Z is a subspace of Γext(ΛpT ∗X ′).
Next, consider the vector bundle (i|Z′)∗(Λp−1T ∗X ′) → Z ′ and look at (2.10).
Then, arguing as in the proof of Proposition 2, it can be proved that such a bundle
is (i∗(Sp−1)⊗C∞
X
C∞Z )-extendable. The set
(2.12) Γext(Λ
pi) = Γext(Λ
pT ∗X ′)⊕ Γext((i|Z′ )∗(Λp−1T ∗X ′))
is called space of extendable (differentiable) differential p-forms relative to the pair
(X,Z).
Remark 6. Let X, Z and i be as above. It is easy to check that Γext(⊕p∈NΛpT ∗X ′),
Γext(⊕p∈NΛpT ∗X ′)Z and Γext(⊕p∈NΛpi) are complex vector spaces endowed with a
structure of a graded algebra.
Let X be a finite dimensional complex analytic variety. The two following short
observations are in order.
(1) TCX ′⊗N is an extendable vector bundle. Indeed, TCX ′ splits as TCX ′ =
TX ′ ⊕ T¯X ′ and both TX ′ and T¯X ′ are extendable bundles.
(2) Up to write holomorphic and OX instead of differentiable and, respectively,
C∞X , the above discussion can be repeated word by word in the holomorphic
category. The space and the sheaf of germs of SE′ -extendable holomorphic
sections of an SE′ -extendable holomorphic complex vector bundle E′ → X ′
will be denoted by ̥ext(X ′, E′) and, respectively, by extOX(E′).
3. Extendable cohomologies
3.1. Extendable cohomology groups. In this subsection we introduce the ex-
tendable cohomology groups of a complex analytic variety.
(1) Let X be an abstract finite dimensional complex analytic variety. Then
dp : Γext(Λ
pT ∗X ′)→ Γext(Λp+1T ∗X ′),
the restriction at Γext(Λ
pT ∗X ′) of the pth exterior differential dp : Γ(ΛpT ∗X ′)→
Γ(Λp+1T ∗X ′), is well defined for any p ∈ N. So, Γext(⊕p∈NΛpT ∗X ′) en-
dowed with d = ⊕p∈Ndp is a cochains complex, because d ◦ d = 0.
Proof. Let C = {Al}l∈L be an atlas of trivializing extension for⊕p∈NΛpT ∗X ′.
Given ω ∈ Γext(ΛpT ∗X ′), let ω˜ be an extension of ω on Al. Then dp (ω˜)
is an extension of dp (ω) on Al, because d
p commutes with the pull back
operators (see (2.7), (2.8), (2.9)). 
(2) Let X be an abstract finite dimensional complex analytic variety, Z the
closure of a non empty open set of X which is also a polyhedron of X and
i : Z →֒ X the inclusion. Set Sing(Z) = Z ∩ Sing(X) and Z ′ = Z ∩ X ′
and let ω|Z = (i|Z′)∗(ω) denote the pull back of ω ∈ Γ(⊕p∈NΛpT ∗X ′) to
Z ′. Then
(a) The restriction of dp at Γext(Λ
pT ∗X ′)Z is well defined, because d is a
local operator.
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(b) For each p ∈ N let dp
i
: Γext(Λ
pi)→ Γext(Λp+1i) be the operator given
by
(3.1) dp
i
(κ, υ) = (dpκ,κ|Z − dp−1υ).
Set di = ⊕p∈Ndpi . A straightforward computation shows that di ◦ di =
0. So, Γext(⊕p∈NΛpi) endowed with di is a cochains complex. As a
note, a di-closed element of Γext(⊕p∈NΛpi) corresponds to a d-closed
element of Γext(⊕p∈NΛpT ∗X) whose restriction at Z is exact.
Definition 4. Let X be an abstract finite dimensional complex analytic variety, Z
the closure of a non empty open set which is also a polyhedron of X and i : Z →֒ X
the inclusion. Fix p ∈ N.
(1) Set Zpext (X) = ker(d
p|Γext(ΛpT∗X′)) and Bpext (X) = Im(dp−1|Γext(Λp−1T∗X′)).
The group
Hpext (X) =
Zpext (X)
Bpext (X)
is the pth extendable cohomology group of X.
(2) Set Zpext(X)Z = ker(d
p|Γext(ΛpT∗X′)Z ) and Bpext(X)Z = Im(dp−1|Γext(Λp−1T∗X′)Z ).
The group
Hpext(X)Z =
Zpext(X)Z
Bpext(X)Z
is the pth extendable cohomology group of X vanishing on Z.
(3) Set Zpext (X,Z) = ker(d
p
i
) and Bpext (X,Z) = Im(d
p−1
i
). The group
Hpext (X,Z) =
Zpext (X,Z)
Bpext (X,Z)
is the pth extendable cohomology group relative to the pair (X,Z).
The following example is an adjustment of a real analytic example given by
Bloom and Herrera (see pages 287-288 of [Bl-He]).
Example 3. Let z denote the coordinate on C and (z1, z2) the coordinates on C2.
Consider the map
f : C → C2
z 7→ (z5, z6 + z7)
and let B be a neighborhood of 0 in C such that X = f(B) is an irreducible complex
analytic variety. Recall that, since the complex dimension of X is 1, any holomor-
phic differential 2-form of type (2, 0) defined on XReg is identically zero. Let ω be
a holomorphic differential 1-form of type (1, 0) defined on a neighborhood of 0 in
C2 and not identically zero on XReg. Since d(ω) = ∂(ω) + ∂¯(ω), we have d(ω) = 0
on XReg. Indeed, on one hand, ∂¯(ω) = 0, because ω is holomorphic, and, on the
other hand, ∂(ω) = 0, because ∂(ω) is a holomorphic differential 2-form of type
(2, 0) on XReg. Let ω ∈ E1
C2,0 be the germ at 0 of ω. Taken f
∗(ω) ∈ E1
C,0, it results
d(f∗(ω)) = 0. Indeed, f∗(ω) is closed, because it is a form of type (1, 0) on C.
Then, by Poincare´ lemma in C, there exists h ∈ E0
C,0 such that f
∗(ω) = d(h). In
fact, since ω is holomorphic of type (1, 0), such a germ h is in OC,0. If there existed
an element g ∈ E0
C2,0 not identically vanishing on X
Reg and such that ω = d(g),
then we would have d(f∗(g)) = f∗(d(g)) = f∗(ω) and so h = f∗(g) + Const. . A
necessary condition for h to be of such a form is that the formal power series of h
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at 0 can be expressed as a power series in z5 and (z6+z7). Now, consider the holo-
morphic differential 1-form ω = z1dz2 of type (1, 0) defined on a neighborhood of 0
in C2 and not identically zero on XReg. Then, since the resulting h does not have
that form, the Poincare´ lemma does not hold. So, [ω]H1ext(X) 6= 0 and H1ext (X) 6= 0.
The following important remark is in order.
Remark 7. Example 3 shows that
(1) There exist complex analytic varieties whose extendable cohomology groups
are not trivial
(2) A Poincare´ Lemma for extendable differential forms does not hold.
3.2. A technical lemma. The following technical lemma shows the existence of
extendable partition of unity. Notations of Section 1 will be heavily used.
Lemma 2. Let X be an abstract finite dimensional complex analytic variety and
B = {Bβ}β∈B an atlas of X enjoying (2) of Lemma 1. Then there exists a partition
of unity {ρβ : X → R}β∈B subordinated to B such that for any β ∈ B the function
rβ :Wβ → R given by
(3.2) rβ = ρβ |Aβ ◦ F−1β
is extendable to a differentiable function Rβ : Uβ → R.
{
ρβ : X → R
}
β∈B is an
extendable partition of unity subordinated to B. As a note, ρβ |X′ : X ′ → R is an
extendable 0-form for any β ∈ B.
Proof. Let C = {Cβ}β∈B, D = {Dβ}β∈B and E = {Eβ}β∈B be open coverings of
X all refining B ={Bβ}β∈B. We can assume without loss of generality that the
sets of indices of C, D and E coincide with B, the set of indices of B. Moreover, we
can also assume that for each β ∈ B it holds
Eβ ⊂ Eβ ⊂ Dβ ⊂ Dβ ⊂ Cβ ⊂ Cβ ⊂ Bβ .
These facts follow from Lemma 1 (1). Then, C, D and E are coordinate open
coverings of X enjoying (2) of Lemma 1 as well as B.
For each β ∈ B consider the homeomorphism Fβ : Bβ → Wβ ⊆ Uβ and the
images in Uβ of Eβ , Eβ , Dβ , Dβ, Cβ , Cβ , Bβ via Fβ (cp. (1.1)). Then, there exist
open sets Cβ , Dβ, Eβ of Uβ such that Fβ (Cβ) = Cβ ∩Wβ , Fβ (Dβ) = Dβ ∩Wβ
and Fβ (Eβ) = Eβ ∩Wβ , because Fβ (Cβ) , Fβ (Dβ) , Fβ (Eβ) are open sets of Wβ
and the topology of Wβ = Fβ (Bβ) is induced by Euclidean topology of Uβ ⊆ Cnβ .
For any β ∈ B let Gβ : Uβ → R be a positive, bounded, differentiabile real valued
function such that Eβ ⊆ supp (Gβ) ⊆ Dβ , denote by gβ = Gβ |Wβ : Wβ → R the
restriction of Gβ at Wβ and consider the function F
∗
β (gβ) : Bβ → R given by
F ∗β (gβ)(x) = gβ ◦Fβ(x). Since F ∗β (gβ) is identically zero away from Dβ , let us agree
that on X \ Bβ the symbol F ∗β (gβ) denotes the function identically equal to zero.
So, F ∗β (gβ) : X → R is the function defined on the whole of X given by
(3.3) F ∗β (gβ) (x) =
{
gβ ◦ Fβ(x) for x ∈ Bβ
0 for x ∈ X \Bβ
Moreover, let us agree that for any (γ, β) ∈ B × B such that Bγ ∩ Bβ = ∅ the
symbol F ∗(γ,β) (gγ) denotes the function identically equal to zero (cp. (1.2)).
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For each β ∈ B let ρβ be the function defined by
(3.4)
ρβ : X → R
x 7→ ρβ (x) = F
∗
β (gβ)(x)∑
γ∈B
F∗
β
◦F∗
(γ,β)
(gγ )(x)
Again we have ρβ = 0 away from Dβ. So,
(3.5) ρβ (x) =
{
gβ◦Fβ(x)∑
γ∈B
F∗
β
◦F∗
(γ,β)
(gγ )(x)
for x ∈ Bβ
0 for x ∈ X \Bβ
It is easy to check that {ρβ : X → R}β∈B is a partition of unity subordinated to
B. Thus, it only remains to prove that for each β ∈ B the function rβ : Wβ → R
admits a differentiable extension Rβ defined on the whole of Uβ .
For this, fix β ∈ B. It follows from Lemma 1 (2) that there exists a finite subset
of indices B (β) ⊆ B such that Bγ ∩Bβ 6= ∅ if and only if γ ∈ B (β). Note that, by
(3.2) and (3.4), in order to have a differentiable extension Rβ of rβ , it suffices to
find a differentiable extension L(γ,β) (Gγ) : Uβ → R of F ∗(γ,β) (gγ) for any γ ∈ B (β).
Now, for each γ ∈ B (β) consider the biholomorphism F(γ,β) : Fβ(Bβ ∩ Bγ) →
Fγ(Bβ∩Bγ) (see (1.2)) and note that only two cases are possible. Namely, nβ ≤ nγ
or nβ  nγ , where nα = dimC Uα for any α ∈ B (cp. Section 1).
Suppose nβ ≤ nγ . Then there exist an open subset Qβγ of Uβ such that Qβγ ∩
Wβ = Fβ(Bβ ∩ Bγ) and a holomorphic injective map F(γ,β) : Qβγ → F(γ,β)(Qβγ)
such that F(γ,β) is the restriction of F(γ,β) at Fβ(Bβ ∩ Bγ). Let Oβγ be an open
subset of Uβ such that Oβγ ⊂ Qβγ and Oβγ ∩Wβ = Fβ(Bβ ∩Cγ) and consider the
restriction F(γ,β)|Oβγ : Oβγ → F(γ,β)(Oβγ) of F(γ,β) at Oβγ . Let L(γ,β) (Gγ) : Uβ →
R be the map defined by
(3.6) L(γ,β) (Gγ) (u) =
{
(F(γ,β)|Oβγ )∗(Gγ |F(γ,β)(Oβγ))(u) for u ∈ Oβγ
0 for u ∈ Uβ \Oβγ
It follows from Eγ ⊆ supp (Gγ) ⊆ Dγ that L(γ,β) (Gγ) is a well defined, continuous
map that is also is differentiable, because of the holomorphy of F(γ,β)|Oβγ and the
differentiability of Gγ . Furthermore, by its very definition, L(γ,β) (Gγ) is such that
(3.7) L(γ,β) (Gγ) |Fβ(Dβ) = F ∗(γ,β) (gγ) |Fβ(Dβ).
Then, since ρβ = 0 away from Dβ, L(γ,β) (Gγ) is the wanted extension of F
∗
(γ,β) (gγ)
and we are done in the case nβ ≤ nγ .
Suppose nβ  nγ . Then there exist an open subset Qβγ of Uβ such that Qβγ ∩
Wβ = Fβ(Bβ ∩ Bγ) and a holomorphic submersion F(γ,β) : Qβγ → F(γ,β)(Qβγ)
such that F(γ,β) is the restriction of F(γ,β) at Fβ(Bβ ∩ Bγ). Let Oβγ be an open
subset of Uβ such that Oβγ ⊂ Qβγ and Oβγ ∩Wβ = Fβ(Bβ ∩ Cγ) and consider
the restriction F(γ,β)|Oβγ : Oβγ → F(γ,β)(Oβγ) of F(γ,β) at Oβγ . By using the local
form of submersion, the function (F(γ,β)|Oβγ )∗(Gγ |F(γ,β)(Oβγ)) is an extension of
F ∗(γ,β) (gγ) |Fβ(Bβ∩Cγ) to the whole of Oβγ .
Now, let Nβγ be an open subset of Uβ such that Nβγ ⊂ Nβγ ⊂ Oβγ and
Nβγ ∩ Wβ ⊃ Fβ(Bβ ∩ Dγ). Then the restriction (F(γ,β)|Nβγ )∗(Gγ |F(γ,β)(Nβγ )) of
Gγ |F(γ,β)(Oβγ)◦F(γ,β)|Oβγ atNβγ is also a differentiable extension of F ∗(γ,β) (gγ) |Nβγ∩Wβ .
Let us agree that the function (F(γ,β)|Nβγ )∗(Gγ |F(γ,β)(Nβγ)) is defined also on Wβ \
Nβγ as the identically vanishing function.
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Let Vβγ be an open subset of Uβ that is a neighborhood of Wβ \Nβγ such that
Vβγ ⊂ Vβγ ⊂ Uβ, Vβγ ∩Nβγ 6= ∅ and Vβγ ∩Dβ = ∅. Then, by Tietze’s extension
theorem, the function
(3.8) (F(γ,β)|Vβγ∩Nβγ )∗(Gγ |F(γ,β)(Vβγ∩Nβγ)) : (Vβγ ∩Nβγ) ∪ (Wβ \Nβγ)→ R
can be extended to a continuous, non identically vanishing function defined on
(Vβγ ∩Nβγ)∪ Vβγ . Moreover, by the approximation theorem (see [St], 6.7), we can
assume without loss of generality that such a function is also differentiable. Thus,
we get a differentiable function defined on the closed subset Nβγ ∪ Vβγ of Uβ.
By using the same technique (extension and approximation theorems), we get a
differentiable function L(γ,β) (Gγ) : Uβ → R such that
(3.9) L(γ,β) (Gγ) |Fβ(Dβ) = F ∗(γ,β) (gγ) |Dβ .
Then L(γ,β) (Gγ) is the wanted extension of F ∗(γ,β) (gγ), because ρβ = 0 away from
Dβ. We are done also in the case nβ  nγ .
The proof is thereby concluded. Indeed, the function Rβ : Uβ → R defined by
(3.10) Rβ(u) =
{
Gβ(u)∑
γ∈B
L(γ,β)(Gγ)(u)
for u ∈ ⋃γ∈BOβγ
0 for u ∈ Uβ \ (
⋃
γ∈BOβγ)
is a differentiable extension of the function rβ :Wβ → R (see (3.2)). 
Lemma 2 has several important consequences. We begin with the following
corollary.
Corollary 1. Let X be a finite dimensional complex analytic variety. Then the
sheaves SN,N∗ and Sp are fine and soft for any N, N∗, p ∈ N.
As a further consequence of Lemma 2, we can prove that the spaces of extendable
sections of extendable bundles of Example 2 are not trivial.
Remark 8. Let E → X be a differentiable real (complex) vector bundle defined
over an abstract finite dimensional complex analytic variety. Then for each N, N∗,
p ∈ N the bundle Γext(TX ′⊗N ⊗ T ∗X ′⊗N∗ ⊗ ΛpT ∗X ′ ⊗ E|X′) 6= {0}. For this,
consider an extendable partition of unity subordinated to a suitable open covering
of X and argue locally.
Next, let X be an abstract finite dimensional complex analytic variety, Z the
closure of a non empty open set that is also a polyhedron of X and i : Z →֒ X
the inclusion. Let αp : Γext(Λ
pT ∗X ′)Z → Γext(Λpi) be the map that to any ω ∈
Γext(Λ
pT ∗X ′)Z associates αp(ω) = (ω, 0). A straightforward computation shows
that αp induces a homomorphism Ap : Hpext(X)Z → Hpext(X,Z) in cohomology.
Furthermore, the following proposition, whose proof is a direct consequence of
Lemma 2, holds.
Proposition 3. Let X be a finite dimensional complex analytic variety, Z the
closure of a non empty open set which is also a polyhedron of X and i : Z →֒ X the
inclusion. Then Ap : Hpext(X)Z → Hpext(X,Z) is an isomorphism for any p ∈ N.
Proof (Sketch). Injectivity of Ap.
Let ω ∈ Γext(ΛpT ∗X ′)Z be such that dp(ω) = 0 and Ap([ω]Hpext(X)Z ) = 0Hpext(X,Z).
This means that αp(ω) = (ω, 0) is di-exact. Then there exists (ϑ, ς) ∈ Γext(Λp−1i)
such that (ω, 0) = dp−1
i
(ϑ, ς) = (dp−1ϑ, ϑ|Z − dp−2ς). Thus, ω is an exact global
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form and ϑ|Z − dp−2ς = 0. Actually, this is not enough to conclude, because we
want a primitive of ω vanishing on Z. Let ς˜ be an extension of ς to the whole of
X . Note that such an extension there exists, because the sheaf Sp−2 is soft (cp.
Corollary 1 of Lemma 2). Now, set (ϑ′, ς ′) = (ϑ − dp−2 ς˜ , 0) ∈ Γext(Λp−1i). Then
dp−1
i
(ϑ′, ς ′) = (ω, 0) and ϑ′|Z = ϑ|Z − dp−2ς = 0. We are done, because ϑ′ is a
primitive of ω vanishing on Z, because.
Surjectivity of Ap.
Let (κ, υ) ∈ Γext(Λpi) be dpi -closed. We want to find a dp-closed ω ∈ Γext(ΛpT ∗X ′)Z
such that [(κ, υ)]Hpext(X,Z) = [(ω, 0)]Hpext(X,Z). That is, we want to find a d
p-closed
ω ∈ Γext(ΛpT ∗X ′)Z and (ϑ, ς) ∈ Γext(Λp−1i) such that (κ, υ) = (ω, 0) + dp−1i (ϑ,
ς) = (ω + dp−1ϑ, ϑ|Z − dp−2ς). Since the sheaf Sp−1 is soft, there exists a global
extension υ˜ of υ. Set (ϑ, ς) = (υ˜, 0) ∈ Γext(Λp−1i) and define ω = κ−dp−1υ˜. Then
(κ, υ) = (ω, 0)+ dp−1
i
(ϑ, ς). Moreover, dpκ = 0 and κ|Z − dp−1υ = 0, because (κ,
υ) ∈ Γext(Λpi) is dpi -closed. Then, by the very definition of ω, it results ω|Z = 0.
We are done, because ω is an extendable differentiable form vanishing on Z such
that [(κ, υ)]Hpext(X,Z) = A
p([ω]Hpext(X)Z ). 
3.3. Extendable Cˇech cohomology groups. Let X be a finite dimensional com-
plex analytic variety and Z the closure of a non empty open set that is also a
polyhedron of X . An open covering V = {Vj}j∈J of X is adapted to Z if there
exists a unique j(Z) ∈ J such that Z ⊂ Vj(Z) and if for any j ∈ J \ {j(Z)} it holds
Z ∩ Vj = ∅. Sometimes the set Vj(Z) is simply denoted by VZ . Let us agree that
every open covering of X is adapted to the empty set.
Lemma 3. Let X and Z be as above. If V is an open covering of X adapted to
Z, then there exists an open covering B of X adapted to Z which is a locally finite
refinement of V.
Proof. Let B∗ = {B∗β∗}β∗∈B∗ be a locally finite refinement of V and λ : B∗ → J
a refinement map associated with B∗ and V . Write B∗, the set of indices B∗, as
the disjoint union of {β∗ ∈ B∗ : Z ∩ B∗β∗ 6= ∅} and {β∗ ∈ B∗ : Z ∩ B∗β∗ = ∅} and
note that, if B∗¯
β
∗ ∈ B∗ is such that Z ∩ B∗¯
β
∗ 6= ∅, then λ(β¯∗) = j(Z), because V
is adapted to Z. Now, set BZ =
⋃
β∗∈B∗:Z∩B∗
β∗
6=∅B
∗
β∗ and for any β
∗ ∈ B∗ such
that Z ∩ B∗β∗ = ∅ set β = β∗ and Bβ = B∗β∗ . Write B = {Z} ∪ (B∗ \ {β∗ ∈ B∗ :
Z ∩B∗β∗ 6= ∅}). Then B = {Bβ}β∈B is the wanted covering. 
Let X be a finite dimensional complex analytic variety, Z either the empty set
or the closure of a non empty open set that is a polyhedron of X and V = {Vj}j∈J
an open covering of X adapted to Z.
As a matter of notations, for any q ∈ N and j = (j0, ..., jq) ∈ Jq+1 set Vj =
Vj0 ∩ ... ∩ Vjq and V ′j = Vj \ Sing(X). Moreover, for any q ∈ N, m ∈ {0, .., q}
and j = (j0, ..., jq) ∈ Jq+1 set jm = (j0, ..., ĵm, ..., jq) ∈ Jq and denote by ∂jq−1,m :
Vj →֒ Vjm the inclusion. Note that, if q ∈ N \ {0} and j ∈ Jq+1, then Vj ∩ Z = ∅.
Let p ∈ N. The set
(3.11) Cpq (X,V , VZ) =
∏
j∈Jq+1 Γext(Λ
pT ∗V ′j )Z
is the space of extendable p-forms associated with V and vanishing on Z. Note
that, since V is adapted to Z, the unique space really containing forms vanishing
on Z is Γext(Λ
pT ∗V ′j(Z))Z ⊂ Cp0 (X,V , VZ).
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The elements of {∂q−1,m}q∈N\{0}, m∈{0,...,q} give rise to a sequence of families of
maps{
δpq−1,m :
∏
k∈Jq Γext(Λ
pT ∗V ′k)Z →
∏
j∈Jq+1 Γext(Λ
pT ∗V ′j )Z
}
q∈N, m∈{0,...,q}, p∈N
depending on p ∈ N. For each p ∈ N the map δpq−1,m is described as follows.
The image ((δpq−1,m(ωk)k∈Jq )j)j∈Jq+1 of (ωk)k∈Jq ∈
∏
k∈Jq Γext(Λ
pT ∗V ′k)Z is the
element of
∏
j∈Jq+1 Γext(Λ
pT ∗V ′j )Z whose j
th term (δpq−1,m(ωk)k∈Jq )j is given by
(∂q−1,m|V ′
j
)∗(ωjm). Sometimes we write ωjm instead of ((∂q−1,m|V ′j )∗(ωk)k∈Jq )j .
So, (δpq−1,m(ωk)k∈Jq )j = ωjm .
For any j0 ∈ J denote by ∂j0 : Vj0 →֒ X the inclusion and define ̺ :
∐
j0∈J Vj0 →
X by setting ̺|Vj0 = ∂j0 . Then ̺ gives rise to a sequence of maps {P p : Γext(ΛpT ∗X ′)Z →∏
j0∈J Γext(Λ
pT ∗V ′j0)Z}p∈N depending on p ∈ N. For each p ∈ N the map P p is
described as follows. The image of ω ∈ Γext(ΛpT ∗X ′) is the element ((P p(ω)j0)j0∈J
of
∏
j0∈J Γext(Λ
pT ∗V ′j0 )Z whose j
th
0 term is (̺|V ′j0 )
∗ (ω).
For each p ∈ N and q ∈ N \ {0} the map
(3.12)
δpq−1 : C
p
q (X,V , VZ) → Cpq+1(X,V , VZ)
(ωk)k∈Jq 7→ ((δpq−1(ωk)k∈Jq )j)j∈Jq+1
defined by
(3.13) (δpq−1(ωk)k∈Jq )j =
∑q
m=0 (−1)m (δpq−1,m(ωk)k∈Jq )j
is called p-difference operator associated with V . A straightforward computation
shows that for any p ∈ N and q ∈ N \ {0} it results δpq ◦ δpq−1 = 0 and δp0 ◦ P p = 0.
Proposition 4. Let X be a finite dimensional complex analytic variety, Z either
the empty set or the closure of a non empty open set that is a polyhedron of X
and V = {Vj}j∈J an open covering of X adapted to Z. Fix p ∈ N. Then the
δp-cohomology of 0→ Γext(ΛpT ∗X ′)Z → Cp0 (X,V , VZ)→ ... is identically zero.
Proof. By Lemma 3, there exists an open covering B of X adapted to Z which is a
locally finite refinement of V . Moreover, by Lemma 1, we can assumewithout loss
of generality that B enjoys (2) of Lemma 1. It follows from Lemma 2 that there
exists an extendable partition of unity subordinated to B. Finally, proceed as in
[Gu], Vol. III, Ch. E. 
Let X be a finite dimensional complex analytic variety, Z either the empty
set or the closure of a non empty open set that is a polyhedron of X and V =
{Vj}j∈J an open covering of X adapted to Z. For each r ∈ N set Kr(X,V , VZ) =
⊕p,q∈N:p+q=rCpq (X,V , VZ). The space K(X,V , VZ) = ⊕r∈NKrext(X,V , VZ) is the
space of extendable form associated with X, Z and V .
For any r ∈ N let Dr : Kr(X,V , VZ)→ Kr+1(X,V , VZ) be the operator that on
each Cpq (X,V , VZ , ) with p+ q = r is defined by
(3.14) Dr|Cpq (X,V,VZ) = δpq + (−1)q dp
and that is identically zero otherwise. It easy to prove that Dr+1 ◦ Dr = 0 for
any r ∈ N. Denote by D : K(X,V , VZ) → K(X,V , VZ) the operator that on each
Kr(X,V , VZ) is given by D|Kr(X,V,VZ) = Dr.
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Definition 5. Let X be a finite dimensional complex analytic variety, Z either the
empty set or the closure of a non empty open set which is a polyhedron of X and
V an open covering of X adapted to Z. Fix r ∈ N. Set Zˇrext(X,V , VZ) = ker(Dr)
and Bˇrext(X,V , VZ) = Im(Dr−1). The group
Hˇrext(X,V , VZ) =
Zˇrext(X,V , VZ)
Bˇrext(X,V , VZ)
is the rth extendable Cˇech cohomology group associated with X , Z and V.
We have the following theorem.
Theorem 1. Let X be a complex analytic variety of finite complex dimension,
Z either the empty set or the closure of a non empty open set which is a poly-
hedron of X and V an open covering of X adapted to Z. Fix r ∈ N. Then
P r : Γext (Λ
rT ∗X ′)Z → Kr(X,V , VZ) induces an isomorphism P r∗ : Hrext (X,Z)→
Hˇrext(X,V , VZ).
Proof. Proceed as for the proof of Proposition II.8.8 of [Bo-Tu]. 
We have the following remark.
Remark 9. Let X be a complex analytic variety of finite complex dimension, Z
either the empty set or the closure of a non empty open set which is a polyhedron
of X and V an open covering of X adapted to Z. Then
(1) The possibility of adapting the proofs of Proposition 4 and Theorem 1 to
the case of extendable forms is a direct consequence of Lemma 2.
(2) The complexes of cochains Γext(⊕r∈NΛrT ∗X ′)Z and K(X,V , VZ) are chain
homotopic. More precisely, let B = {Bβ}β∈B be an open covering of X
refining V and enjoying (2) of Lemma 1. Let {ρ} = {ρβ : X → R}β∈B
be an extendable partition of unity subordinated to B. Then there exist
a homotopy operator L : K(X,V , VZ) → K(X,V , VZ) and a chain map
φ = φX,Z,V,B,{ρ} : K(X,V , VZ)→ Γext(⊕r∈NΛrT ∗X ′)Z such that φ ◦ P =
idΓext(⊕r∈NΛrT∗X′)Z and P ◦φ = D ◦L−L ◦D+ idK(X,V,VZ). For a proof,
see [Bo-Tu], Ch. II, Sec. 9.
Note that, if V = {V0, V1} only contains two open sets, then for each
r ∈ N it results
Krext(X,V) = Γext(ΛrT ∗V ′0)⊕ Γext(ΛrT ∗V ′1)⊕ Γext(Λr−1T ∗V ′(0,1)).
Moreover, if {ρ0, ρ1 : X → R} is an extendable partition of unity subordi-
nated to B = V, then φ is the map that to ωˇ = (ωˇ0, ωˇ1, ωˇ01) ∈ Krext(X,V)
associates the r-form
(3.15) ω = ρ0ωˇ0 + ρ1ωˇ1 − dρ0 ∧ ωˇ01
As a note, the theory that in this section has been developed for the real bundle
TX ′ holds also for the vector bundles TX ′, T¯X ′ and TCX ′.
4. Integration
4.1. Integration of extendable forms. For the proof of the following theorem,
see [Hd] and [ Lo].
Theorem 2. Let X be an abstract finite dimensional complex analytic variety.
Then X is a triangulable topological space.
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As a matter of notations, letX be an abstract finite dimensional complex analytic
variety. For each triangulation T of X the simplicial complex associated with X
and T is denoted by (X,T). Let h ∈ {0, ..., dimR(X)}. The set of the h-simplices of
T and the h-skeleton of (X,T) are denoted by Th and, respectively, Skelh(X,T).
The groups of h-chains and h-cochains with coefficients in C associated with T are
denoted by CTh (X) and, respectively, C
h
T
(X). The groups CTh (X) and C
h
T
(X) are
endowed with a structure of complex vector spaces. Moreover, Ch
T
(X) is the dual
space of CTh (X). The h
th simplicial homology and cohomology spaces of X with
coefficients in C are denoted by Hh (X) and, respectively, by Hh (X). Recall that
Hh(X) is the dual space of Hh(X).
Let C = {Cl}l∈L be an open covering of X . A triangulation T of X is C-small if
for any simplex ∆ ∈ T there is Cl(∆) ∈ C such that ∆ ⊆ Cl(∆).
Lemma 4. Let X be a triangulable topological space, C an open covering of X and
T a triangulation of X. Then there exists a natural number b(C) ∈ N such that
Tb(C), the b(C)th barycentric subdivision of T, is C-small.
Proof. See [Mu], Ch. 4, Sec. 31. 
Recall that, if ∆h denote the standard simplex of real dimension h, then
(4.1) Hk(∆
h) = Hk(∆h) =
{
C for k ∈ N : k = 0
0 for k ∈ N : k > 0
LetX be a finite dimensional complex analytic variety. For any ω in Γext(Λ
pT ∗X ′)
there is an atlasA (ω) = {(Al, nl, Ul,Wl, Fl)}l∈L of trivializing extension for ΛpT ∗X ′
such that ω is completely extendable on Al for any l ∈ L (cp. (1.1), (1.3), Remark
1, Terminology 1). An atlas as A (ω) is an atlas of extensibility of ω. Suppose that
an atlas of extensibility A (ω) is given for any ω ∈ Γext(ΛpT ∗X ′).
As a matter of terminology, let X ⊆ X be a complex analytic subvariety of X .
A triangulation T of X is compatible with X if X is homeomorphic to a simplicial
subcomplex of (X,T) via the homeomorphism between X and (X,T).
Proposition 5. Let X be an abstract complex analytic variety of complex dimen-
sion n. Let ω ∈ Γext(ΛpT ∗X ′) be an extendable p-form and A (ω) an atlas of
extensibility of ω. Let T be an A (ω)-small triangulation of X compatible with the
analytic subvariety Sing (X) of X. Then the map
(4.2)
∫
ω : Tp → C
∆ 7→ ∫∆ ω = ∫ FA(∆) ω˜,
where A ∈ A (ω) is such that A ⊇ ∆ and ω˜ ∈ Γ(ΛpT ∗UA) is any extension of ω, is
well defined.
Proof. We have to show that
∫
ω is well defined.
Let ∆ ∈ Tp be such that ∆˚ ∩ Sing (X) = ∅. Then the proof goes as in the non
singular case. Indeed, on one hand the topological boundary of ∂∆ is Lebesgue
trascurable. On the other hand, ω is bounded, because it is extendable (see the
proof of (1) at the beginning of Subsection 3.1). Then it is possible to define
∫
∆
ω =∫
∆˚
ω as in the non singular case. As a note, if p = 2n, then ∆˚ ∩ Sing (X) = ∅,
because dimR(Sing(X)) ≤ 2(n− 1).
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Next, suppose that ∆ ∈ Tp is such that ∆˚ ∩ Sing (X) 6= ∅. We have to prove
that the definition of
∫
∆ ω does not depend neither on A ∈ A (ω) such that A ⊇ ∆
nor on the extension ω˜ ∈ Γ(ΛpT ∗UA) of ω (cp. (4.2)).
(1) Let (A, nA, UA,WA, FA) ∈ A (ω) be such that A ⊇ ∆ and write A′ = A \
Sing (X). If ω˜1, ω˜2 ∈ Γ(ΛpT ∗UA) are of two extensions ω, then ω˜1|FA(A′) =
ω˜2|FA(A′), because (FA|A′)∗(ω˜1) = ω|A′ = (FA|A′)∗(ω˜2). Furthermore, it results
ω˜1|FA(A) = ω˜2|FA(A), because ω˜1 and ω˜2 are continuous and coincide on the dense
subset FA (A
′) of FA (A). Then
∫
FA(∆)
ω˜1 =
∫
FA(∆)
ω˜2 and, in this case, the
definition of
∫
∆
ω is independent of the extension of ω.
(2) Let (A1, n1, U1,W1, F1), (A2, n2, U2,W2, F2) ∈ A (ω) be such that both A1
and A2 contain ∆. Set A(1,2) = A1 ∩ A2 and write A′1 = A1 \ Sing (X), A′2 =
A2 \ Sing (X), A′(1,2) = A(1,2) \ Sing (X) (see Section 1). If ω˜1 ∈ Γ(ΛpT ∗U1)
and ω˜2 ∈ Γ(ΛpT ∗U2) are of two extensions of ω, then ω|A′1 = (F1|A′1)∗(ω˜1) and
ω|A′2 = (F2|A′2)∗(ω˜2). So,
ω˜1|F1(A′(1,2)) = (F(2,1)|F2(A′(1,2)))∗(ω˜2)(4.3)
ω˜2|F2(A′(1,2)) = (F(1,2)|F1(A′(1,2)))∗(ω˜1)
and
dω˜1|F1(A′(1,2)) = (F(2,1)|F2(A′(1,2)))∗(dω˜2)(4.4)
dω˜2|F2(A′(1,2)) = (F(1,2)|F1(A′(1,2)))∗(dω˜1)
We claim that, actually, it holds
ω˜1|F1(A(1,2)) = ω˜2 ◦ F(2,1)(4.5)
ω˜2|F2(A(1,2)) = ω˜1 ◦ F(1,2)
In order to prove this, let O1 be an open subset of U1 such that O1 ∩ F1(A1) =
F1(A(1,2)) and F(2,1) : O1 → F(2,1) (O1) a holomorphic extension of the biholomor-
phism F(2,1) : F1(A(1,2)) → F2(A(1,2)) (cp. (1.2)). Let O2 be an open subset of
U2 such that O2 ∩ F2(A2) = F2(A(1,2)). Shrinking O1, if necessary, we can assume
without loss of generality that F(2,1)(O1) ⊆ O2. Let ι : F(2,1)(O1) →֒ O2 denote the
inclusion. Then
ω˜1|F1(A(1,2)) = (F(2,1)|F1(A(1,2)))∗ ◦ ι∗(ω˜2|O2)(4.6)
= ω˜2|O2 ◦ ι ◦ F(2,1)|F1(A(1,2))
Indeed, on one hand
F2(A(1,2)) = F2 ◦ F−11 ◦ F1(A(1,2)) ⊆ F(2,1) (O1) ⊆ O2
On the other hand, ω˜1|F1(A(1,2)) and ω˜2|O2 ◦ ι◦F(2,1)|F1(A(1,2)) coincide on the dense
subset F1(A
′
(1,2)) of F1(A(1,2)), because of (4.3). Then, it results ω˜1|F1(A(1,2)) =
ω˜2|O2 ◦ ι ◦ F(2,1)|F1(A(1,2)). Then we get ω˜1|F1(A(1,2)) = ω˜2 ◦ F2 ◦ F−11 |F1(A(1,2)).
Analogously, ω˜2|F2(A(1,2)) = ω˜1 ◦ F1 ◦ F−12 |F2(A(1,2)). So, (4.5) are proved.
Furthermore, a similar argument shows that
d(ω˜1|F1(A(1,2))) = dω˜2 ◦ F(2,1)(4.7)
d(ω˜2|F2(A(1,2))) = dω˜1 ◦ F(1,2)
Now, since ∆ ∈ Tp is such that ∆˚ ∩ Sing (X) 6= ∅, it results p = dimR (∆) 
2n, because the triangulation T is compatible with Sing(X). Then there exists a
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simplex E ∈ T such that dimR (E)  dimR (∆), ∂ (E) ⊇ ∆ and E˚ ∩ Sing (X) = ∅.
Thus, by the geometry of simplices and (4.1), there are a p-chain ∆′ ⊂ E˚ ⊂ E and
a (p+1)-chain Γ ⊂ E˚ ⊂ E such that ∆′, Γ ⊂ A(1,2) and ∆+∆′ = ∂ (Γ). Note that
∆′ ∩ Sing (X) = ∅ and Γ˚ ∩ Sing (X) = ∅, because ∆′, Γ ⊂ E˚.
Next, since F(2,1)|F1(A′12) : F1(A′12) → F2(A′12) and F(1,2)|F2(A′12) : F2(A′12) →
F1(A
′
12) are biholomorphisms between complex manifolds, they preserve orienta-
tions. Then
(4.8)
∫
F1(∆′)
ω˜1 =
∫
F(2,1)◦F1(∆′)(F(1,2)|F2(A′12))
∗(ω˜1) =
∫
F2(∆′)
ω˜2
and
(4.9)
∫
F1(˚Γ)
dω˜1 =
∫
F(2,1)◦F1(˚Γ)(F(1,2)|F2(A′12))
∗(dω˜1) =
∫
F2 (˚Γ)
dω˜2
So, by (4.7) and (4.9), it results∫
F1(∆)+F1(∆′)
ω˜1 =
∫
F1(Γ)
dω˜1 =
∫
F1(Γ)
dω˜2 ◦ F(2,1)(4.10)
=
∫
F(2,1)◦F1(Γ) dω˜2 =
∫
F2(∆)+F2(∆′)
ω˜2,
because F(2,1) ◦ F1(Γ) = F2(Γ). Then, by (4.5), it results
∫
F1(∆)
ω˜1 =
∫
F2(∆)
ω˜2
and we are done. 
Let X an abstract finite dimensional complex analytic variety and take ω ∈
Γext(Λ
pT ∗X ′). By Lemma 4, the operator
∫
ω : Tp → C is well defined for any
triangulation T of X compatible with Sing (X).
Theorem 3. (Stokes) Let X be an abstract finite dimensional complex analytic va-
riety and T a triangulation of X compatible with Sing (X). Let ω ∈ Γext(ΛpT ∗X ′),
C ∈ CTp+1 (X) and ι : ∂C →֒ C be the inclusion. Then∫
C
dω =
∫
∂C
ι∗ (ω) .
Proof (Sketch). Let A(ω) be an atlas of extensibility of ω and Tb an A(ω)-small
barycentric subdivision of T (cp. Lemma 4). Then C belongs to CT
b
p+1 (X). Namely,
C =
∑
λ∈Λ∆λ, with ∆λ ∈ Tbp+1 for any λ ∈ Λ. Thus, it suffices to show that the
thesis holds when C is a simplex ∆ ∈ Tbp+1.
If ∆ ∩ Sing (X) = ∅, then there is nothing to prove, being the classical result.
If ∆ ∩ Sing (X) 6= ∅, then there exist A ∈ A(ω) and ω˜ ∈ Γext(ΛpT ∗UA) such that
A ⊇ ∆ and ω|A = (FA|A\Sing(X))∗(ω˜) (cp. Proposition 5). Set ∆A = FA (∆).
Then ∆A ⊆ UA. Moreover, ∂∆A = ∂FA (∆) = FA (∂∆), because FA is a home-
omorphism. So, letting ιA : ∂∆A →֒ ∆A denote the inclusion, the wanted result
follows from the classical Stokes’ theorem
(4.11)
∫
∆ dω =
∫
∆A
dω˜ =
∫
∂∆A
(ιA)
∗ (ω˜) =
∫
∂∆ ι
∗ (ω) .

We have the following remark.
Remark 10. Let X be a compact irreducible complex analytic variety of complex
dimension n and T a triangulation of X compatible with Sing (X). Take ω ∈
Γext(Λ
2nT ∗X) and let A (ω) be an atlas of extensibility of ω. Let b ∈ N be such
that Tb is A (ω)-small. Then the number
(4.12)
∫
X
ω =
∑
∆∈Tb
∫
∆ ω
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is well defined. Indeed, even if in general two triangulations of X do not have a
common refinement, actually, (4.12) does not depend on the chosen triangulation
T of X compatible with Sing (X). In order to prove this, recall that, if T1and T2
are triangulations of X compatible with Sing (X), then there exist triangulations
T3, TI , TII of X compatible with Sing (X) such that TI is a refinement of both
T1 and T3 and TII is a refinement of both T2 and T3. The claimed independence
follows from∑
∆1∈T1 ∆1 =
∑
∆I∈TI ∆I =
∑
∆3∈T3 ∆3 =
∑
∆II∈TII ∆II =
∑
∆2∈T2 ∆2.
As a matter of terminology,
∫
X
ω is the integral of ω on X.
4.2. Integration of extendable cohomology classes. Let X be a finite dimen-
sional complex analytic variety and Z either the empty set or the closure of an
open set which is a polyhedron of X . For any p ∈ N the pth simplicial cohomology
group relative to the pair (X,Z) is denoted by Hp(X,Z) (cp. Theorem 2). Let
ω ∈ Γext(ΛpT ∗X ′)Z be an extendable p-form and T a triangulation ofX compatible
with Sing (X) and Z. Extending by linearity
∫
ω : Tp → C to the whole of CTp (X),
we get a well defined map
∫
ω : CTp (X)→ C that, in fact, lies in CpT (X).
So, we get a homomorphism between complex vector spaces
(4.13)
ηpZ : Γext(Λ
pT ∗X ′)Z → CpT (X)
ω 7→ ηpZ(ω) =
∫
ω
ηpZ is called operator of integration of degree p.
Furthermore, for any ω ∈ Γext(ΛpT ∗X ′)Z the cochain ηpZ(ω) lies in CpT (X,Z),
because ω|Z = 0. So,
ηpZ : Γext(Λ
pT ∗X ′)Z → CpT (X,Z) .
With slight abuses of notations, given any ∆ ∈ CTp (X,Z), the cochain ηpZ (ω) acts
as follows ∆ + CTp (Z) ∋∆ 7→ ηpZ (ω) (∆) =
∫
∆ ω ∈ C.
Let
(4.14)
HpZ : H
p
ext(X)Z → Hp(X,Z)
[ω] 7→ HpZ([ω]) =
∫
[ω]
be the operator induced by ηpZ . Then H
p
Z([ω]) ∈ Hp(X,Z) is the map that asso-
ciates to each [C] ∈ Hp(X,Z), C ∈ C + CTp (Z) the number
(4.15)
∫
[C]
[ω] =
∫
C
ω.
In order to prove that HpZ is well defined, we use Stokes’ theorem. Let C ∈ C +
CTp (Z) be a p-cycle of (X,T) relative to (X,Z) and ω ∈ Γext(ΛpT ∗X ′)Z a closed
extendable p-form vanishing on Z. Since ∂pC ⊆ Z and dpω = 0, ω|Z = 0, for each
E ∈ CTp+1 (X,Z) and for each σ ∈ Γext(Λp−1T ∗X)Z we have∫
C+∂p+1E+CTp (Z)
(ω + dp−1σ) =
∫
C
ω +
∫
∂pC
σ +
∫
CTp(Z)
(ω + dp−1σ)|Z(4.16)
=
∫
C
ω +
∫
∂pC
σ =
∫
C
ω,
because (ω + dp−1σ)|Z = 0, ∂pC ⊆ Z and σ|Z = 0. So, HpZ : Hpext(X,Z) →
Hp(X,Z) is well defined, because
∫
[C]
[ω] does not depend on the representatives
chosen in [C]Hp(X,Z) and [ω]Hpext(X)Z . Moreover, H
p
Z is a homomorphism of vector
spaces, because such is ηpZ . H
p
Z is called homomorphism of integration of degree p
relative to (X,Z).
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Lemma 5. Let X be a finite dimensional complex analytic variety and S a closed
compact complex analytic subvariety of X. Such an S is a polyhedron of X. Then
there are arbitrarily small open neighborhoods US of S in X such that
(1) US and X \ US are polyhedra in X
(2) The inclusions S → US → US and (X \ US) → (X \ US) → (X \ S) are
homotopy equivalences.
Proof. If X is compact, then proceed as in [Mu], Ch. 8, Sec. 72. If X is not
compact, we can agree as follows. Let X∗ be an open neighborhood of S in X such
that X∗ is a compact polyhedron in X with respect to the same triangulation for
which S is a polyhedron. Then the statement holds for S considered as a polyhedron
in X∗. So, the following
S → US → US
X∗ \ US → X∗ \ US → X∗ \ S
are homotopy equivalences, with US an open neighborhoods of S in X∗ and then in
X . Furthermore, by their very constructions (cp. [Mu], page 429), the homotopy
equivalences X∗ \ US → X∗ \ US → X∗ \ S do not involve the boundary of X ′ in
X . Then, in order to define the wanted homotopy equivalences
X \ US → X \ US → X \ S,
just glue the mapsX∗\US → X∗\US → X∗\S andX\X∗ → X\X∗ → X\X∗. 
Remark 11. Let X be a finite dimensional complex analytic variety, S a closed
compact complex analytic subvariety of X and US an open neighborhood of S en-
joying (1) and (2) of Lemma 5. Set Z = X \US and for any p ∈ N consider the ho-
momorphism Hp
X\US : H
p
ext (X,X \ US)→ Hp (X,X \ US). Then, since X \S and
X \ US are homotopically equivalent, we get a homomorphism HpZ : Hpext (X,Z)→
Hp (X,X \ S), because the groups Hp (X,X \ S) and Hp (X,X \ US) are isomor-
phic.
An easy verification shows that the following properties of complex analytic
varieties hold. For the necessary background, refer to [Mu].
Remark 12. Let X be a complex analytic variety of complex dimension n and T
a triangulation of X compatible with Sing(X).
(1) The pair (X,Sing(X)) is a relative homology 2n-manifold (cp. [Mu]).
(2) If X is also irreducible, then (X,Sing(X)) is a relative pseudo 2n-manifold,
X is the closure of the union of the 2n-simplices of T, any (2n− 1) simplex
is a face of exactly two 2n-simplices of T and the 2n-simplices of T can be
coherently oriented (cp. [Mu]).
(3) If X is a compact and irreducible, then (X,Sing(X)) is an orientable rel-
ative pseudo 2n-manifold, the groups H2n(X) and H2n(X,Sing(X)) are
isomorphic and the 2n-dimensional simplices of (X,T) can be oriented in
such a way that their sum is a non vanishing cycle. Moreover, such a sum
is indipendent of the chosen triangulation (cp. Remark 10). The class [X ]
represented by such a cycle is the fundamental class of X (cp. [Mu]).
We have the following theorem.
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Theorem 4. Let X be a compact irreducible complex analytic variety of complex
dimension n. If ω ∈ Γext(Λ2nT ∗X) be such that dω = 0, then the number
(4.17)
∫
[X]
[ω] =
∫
X
ω
is well defined.
∫
[X]
[ω] is the integral of [ω] on [X ].
Proof (Sketch). The wanted result follows from (4.15). Indeed, (X,Sing (X)) is an
orientable relative pseudomanifold of real dimension 2n (cp. Remark 12). 
As a matter of notations, if Z = ∅, we omit to write the subscript Z everywhere
it should appear. The next remark concerns the injectivity of homomorphisms of
integration.
Remark 13. Let X be an abstract finite dimensional complex analytic variety and
p ∈ N. Then Hp : Hpext (X)→ Hp (X) is generally not injective.
Indeed, let X be as in Example 3. Shrinking the neighborhood B of 0 in C, if
necessary, we can assume that X is topologically contractible (cp. [Go-Ma]). So,
H1 (X) = 0. Then H1 : H1ext (X)→ H1 (X) is not injective, because H1ext (X) 6= 0
(cp. Example 3).
The following proposition concerns the surjectivity of homomorphisms of inte-
gration. For the necessary background in algebraic topology, see [Mu].
Proposition 6. Let X be an abstract finite dimensional complex analytic variety.
Fix p ∈ N. Then Hp : Hpext (X)→ Hp (X) is surjective.
Proof. Let T be a triangulation of X and c ∈ Cp
T
(X) be a p-cocycle. We look for a
closed extendable p-form ωc ∈ Γext(ΛpT ∗X ′) such that [c]Hp(X) = Hp([ωc]Hpext(X)).
Let V(T) be the open covering of X by the open stars of vertices of T. The
nerve N(V(T)) of such a covering is an abstract simplicial complex. Moreover,
the vertex correspondence CT0 (X) ∋ ∆0 7→ St(∆0) ∈ N(V(T)) is an isomorphism
between (X,T) and N(V(T)) (cp. [Mu], Theorem 73.2). Then to any p-cocycle
c ∈ Cp
T
(X) corresponds a unique cocycle cc ∈ Cp(N(V(T))). Furthermore, by the
very definition of Cp(N(V(T))), we have Cp(N(V(T))) = Cp0 (X,V) (see (3.11)).
Let Hˇp (X) be the pth Cˇech cohomology group of X (see [Mu], Ch. 8, Sec.
73). Let T be so fine that Hˇp(X,N(V(T))) is isomorphic to Hˇp (X) and let B be
an open covering of X enjoying (2) of Lemma 1 and refining V(T). Let {ρβ}β∈B
be an extendable partition of unity subordinated to B and φ : K(X,V(T)) →
Γext(⊕r∈NΛrT ∗X ′) the chain map associated with V(T), B and {ρ} (see Remark
(2) of 9). Then the closed extendable p-form ωc ∈ Γext(ΛpT ∗X ′) defined via the
collating formula ωc = φ(cc) of Bott and Tu does the desired job (see [Bo-Tu], Ch.
II, Sec. 9, Proposition 9.8). 
4.3. Integration of extendable Cˇech cohomology classes. Let X be an ab-
stract finite dimensional complex analytic variety, Z either the empty set or the
closure of an open set that is also a polyhedron of X and V an open covering
of X adapted to Z. Let r ∈ N and consider the group homomorphism HˇrZ =
HrZ ◦ (P r∗)−1 : Hˇrext (X,V , VZ)→ Hr (X,Z) (cp. Theorem 1).
Let T be a triangulation of X compatible with Sing (X) and Z and consider
the operator ηrZ : Γext(Λ
rT ∗X)Z → CrT(X,Z). Let B = {Bβ}β∈B be a refinement
of V enjoying (2) of Lemma 1, {ρ} = {ρβ : X → R}β∈B an extendable partition
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of unity subordinated to B and φ : K (X,V , VZ)→ ⊕r∈NΓext (ΛrT ∗X)Z the chain
map associated with V , B and {ρ} (cp. Remark 9 (2)).
Let
(4.18) ηˇrZ : Zˇ
r
ext (X,V , V0)→ ZrT (X,Z)
denote the homomorphism defined by
(4.19) ηˇrZ = η
r
Z ◦ φ
Then HˇrZ is induced by ηˇ
r
Z . Indeed, for any ωˇ ∈ Zˇrext (X,V , VZ) it results
[ηˇrZ (ωˇ)]Hr(X,Z) = [η
r
Z ◦ φ(ωˇ)]Hr(X,Z) = HrZ [φ (ωˇ)]Hrext(X,Z)(4.20)
= HrZ ◦ (P r∗)−1[ωˇ]Hˇrext(X,V,VZ) = Hˇ
r
Z [ωˇ]Hˇrext(X,V,VZ)
Definition 6. Let X be a complex analytic variety of complex dimension n and
V = {V0, V1} an open covering of X. A honeycomb cell system associated with V
is a family R = {R0, R1} of subsets of X such that
(1) For j ∈ {0, 1} Rj is the closure of an n-dimensional complex analytic sub-
variety of X with piecewise differentiable boundary.
(2) It holds R0 ( V0 and R1 ( V1
(3) It holds R0 ∪R1 = X and R˚0 ∩ R˚1 = ∅
(4) Both ∂R0 and ∂R1 are a complete intersection and R0 ∩R1 is a variety of
real dimension 2n− 1 with piecewise differentiable boundary.
(5) R(0,1) denotes the hypersuface R0 ∩ R1 oriented in the following way: the
orientation on R(0,1) is that one defined by the interior normal of R0 and
by the exterior normal of R1.
(6) R(1,0) denotes the hypersuface R0 ∩ R1 oriented in the following way: the
orientation on R(1,0) is that one defined by the interior normal of R1 and
by the exterior normal of R0.
We have the following remark.
Remark 14. Let X be a complex analytic variety of finite dimension and V =
{V0, V1} an open covering of X. Then there exists a honeycomb cell system R =
{R0, R1} associated with V. Indeed, every analytic variety X admits a triangulation
such that each simplex of it corresponds to an analytic subvariety of X (see [ Lo]
and [Hd]). So, the existence of a honeycomb cell system R associated to V can be
deduced from Lemma 4.
Next, let X be an abstract finite dimensional complex analytic variety and Z
either the empty set or the closure of an open set that is also a polyhedron of X .
Let T be a triangulation of X compatible with Sing (X) and Z, take r ∈ N and
consider the (r − 1)-skeleton Skelr−1(X,T) of (X,T). In what follows we denote
by ∼ the homotopic equivalence. Let Zr−1 be the closure of an open set of X that
is a polyhedron of X such that Zr−1 ⊇ Skelr−1 (X,T) and Zr−1 ∼ Skelr−1 (X,T).
Set Z• = Z ∪ Zr−1.
Let V0 be an open neighborhood of Z• such that V0 ∼ Z• and V1 an open set
of X such that V1 ∩ Z• = ∅ and V0 ∪ V1 = X . Set V = {V0, V1} and note that
V is adapted to Z• . By Proposition 2, there exists an extendable partition of
unity {ρ} = {ρ0 : X → R, ρ1 : X → R} subordinated to B = V . Moreover, by
construction, for any ∆ ∈ Tr it results ρ1|∂∆ ≡ 0, because ∂∆ ⊆ Skelr−1(X,T) ⊆
Z• ⊆ V0.
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Let R = {R0, R1} be a honeycomb cell system associated with V . Building R0
by means of very fine triangulations of X , we can assume without loss of generality
that R0 ⊇ Z•, that R0 ∼ Z• and that for any ∆ ∈ Tr it holds
(4.21) ∆ ∩R(1,0) ∼ ∂∆.
So, the inclusions Z• ⊆ R0 ⊆ V0 are homotopic equivalences and R1 ∩ Z• = ∅,
because R1 ⊆ V1.
Let φ be the chain map associated with V , B = V and {ρ} (cp. (2) of Remark
9). Take ω ∈ Zrext (X,Z) and let ωˇ = (ωˇ0, ωˇ1, ωˇ01) ∈ Zˇrext (X,V , V0) be such that
ω = φ(ωˇ). Namely, by (3.15),
(4.22) ω = ρ0ωˇ0 + ρ1ωˇ1 − dρ0 ∧ ωˇ01.
Since ω ∈ Zrext (X,Z) and ωˇ ∈ Zˇrext (X,V , V0), we have ω|Z = 0 and ωˇ0|Z = 0.
Moreover, dω = 0 and Dωˇ = 0. The latter is
(4.23) (dωˇ0, dωˇ1, dωˇ01 − ωˇ0|V(0,1) + ωˇ1|V(0,1)) = (0, 0, 0) .
In what follows, with slight abuses of notations, for any ∆ ∈ CTr (X,Z) we write
∆ ∈ ∆ + CTp (Z). In the above situation, the integral of ω ∈ Zrext (X,Z) over an
element ∆ ∈ CTr (X,Z) can be written in terms of the integrals of the components
of ωˇ ∈ Zˇrext (X,V , V0) such that ω = φ(ωˇ). Indeed, the image of ωˇ via ηˇrZ (cp.
(4.18) and (4.19)) is the map ηˇrZ(ωˇ) ∈ CrT (X,Z) that to any ∆ ∈ ∆ + CTr (Z)
associates the number
(4.24) ηˇrZ(ωˇ0, ωˇ1, ωˇ01)(∆) =
∫
∆∩R0 ωˇ0 +
∫
∆∩R1 ωˇ1 −
∫
∆∩R(1,0) ωˇ01
In order to prove (4.18), recall (4.24). Then
(4.25) ηˇrZ(ωˇ)(∆) = η
r
Z ◦ φ(ωˇ)(∆) =
∫
∆+CTr(Z)
φ(ωˇ)
So, by (4.22),
ηˇrZ(ωˇ)(∆) =
∫
(∆+CTr(Z))∩R0(ρ0ωˇ0 + ρ1ωˇ1) +
∫
(∆+CTr(Z))∩R1(ρ0ωˇ0 + ρ1ωˇ1) +
+
∫
(∆+CTr(Z))∩R0 dρ1 ∧ ωˇ01 −
∫
(∆+CTr(Z))∩R1 dρ0 ∧ ωˇ01
=
∫
(∆+CTr(Z))∩R0(ρ0ωˇ0 + ρ1ωˇ1) +
∫
(∆+CTr(Z))∩R1(ρ0ωˇ0 + ρ1ωˇ1) +
+
∫
(∆+CTr(Z))∩R0(d(ρ1ωˇ01)− ρ1dωˇ01) +(4.26)
− ∫
(∆+CTr(Z))∩R1(d(ρ0ωˇ01)− ρ0dωˇ01)
Thm. 3, (4.23) =
∫
(∆+CTr(Z))∩R0(ρ0ωˇ0 + ρ1ωˇ0) +
∫
(∆+CTr(Z))∩R1(ρ0ωˇ1 + ρ1ωˇ1) +
+
∫
∂((∆+CTr(Z))∩R0) ρ1ωˇ01 −
∫
∂((∆+CTr(Z))∩R1) ρ0ωˇ01
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Then, by (4.26),
ηˇrZ(ωˇ)(∆) =
∫
(∆+CTr(Z))∩R0 ωˇ0 +
∫
(∆+CTr(Z))∩R1 ωˇ1 +
+
∫
∂((∆+CTr(Z))∩R0) ρ1ωˇ01 −
∫
∂((∆+CTr(Z))∩R1) ρ0ωˇ01
(1) =
∫
(∆+CTr(Z))∩R0 ωˇ0 +
∫
(∆+CTr(Z))∩R1 ωˇ1 +
+
∫
∂∆+∆∩R(0,1)+BTr−1(Z)∩R0 ρ1ωˇ01 +(4.27)
− ∫∆∩R(1,0) ρ0ωˇ01
(2) =
∫
(∆+CTr(Z))∩R0 ωˇ0 +
∫
(∆+CTr(Z))∩R1 ωˇ1 +
+
∫
∆∩R(0,1) ρ1ωˇ01 −
∫
∆∩R(1,0) ρ0ωˇ01
(3) =
∫
(∆+CTr(Z))∩R0 ωˇ0 +
∫
(∆+CTr(Z))∩R1 ωˇ1
− ∫
∆∩R(1,0) ωˇ01,
with BTr−1 (Z) = ∂C
T
r (Z). Indeed, (1) follows from ∂(∆ ∩R0) = ∂∆+∆ ∩R(0,1),
∂(∆ ∩ R1) = ∆ ∩ R(1,0) and R1 ∩ Z = ∅, (2) follows from ρ1|Skelr−1(X,T) ≡ 0 and
BTr−1 (Z) ⊂ Skelr−1(X,T), (3) follows from R(0,1) = −R(1,0), ρ0 + ρ1 ≡ 1.
Actually, the last term of (4.27) is independent of the choice of the representative
of ∆ ∈ ∆+ CTr (Z). Indeed, if Υ ∈ CTr (Z), then Υ ∩ R0 ⊆ Z and Υ ∩ R1 = ∅.So,∫
Υ∩R0 ωˇ0 +
∫
Υ∩R1 ωˇ1, because ωˇ0|Z ≡ 0. Then (4.18) follows from (4.25), (4.27)
and we are done.
Next, ηˇrZ is independent of the chosen honeycomb cell system R associated with
V . In fact, by (4.19), ηˇrZ = ηrZ ◦ φ and the right hand side does not depend on
the choice of R. Furhtermore, ηˇrZ is independent of the partition of unity {ρ0, ρ1}
subordinated to V . In fact, take into account (4.18) and note that its right hand
side does not depend on {ρ0, ρ1}.
As a note, for any ω ∈ Zrext (X,Z) and ∆ ∈ ∆+ CTr (Z) it results
(4.28)
∫
∆ ω =
∫
∆∩R0 ωˇ0 +
∫
∆∩R1 ωˇ1 −
∫
∆∩R(1,0) ωˇ01,
because of ηrZ(ω)(∆) = η
r
Z ◦ φ(ωˇ)(∆) = ηˇrZ(ωˇ)(∆) (see (4.19)).
Remark 15. The explicit expression (4.24) of ηˇrZ is strongly related to properties
of R. Indeed, the hypotheses R0⊇˜Z• and (4.21) have been given in order to achieve
Formula (4.24). If R′ is a honeycomb cell system associated with V that does not
enjoy any particular property, then the explicit formula for ηˇrZ associated with R′ is,
in general, more complicated than Formula (4.24). For example, it can happen that
the explicit expression of ηˇrZ depends on the chosen partition of unity subordinated
to V, even if ηˇrZ is independent of it (cp. [Su 3]).
5. Vector bundles
5.1. Extendable Chern classes. In the following, let K denote either C or R.
Let X be an abstract finite dimensional complex analytic variety. Let E → X
be a differentiable (holomorphic) K-vector bundle of rank e over X and C =
{(Al, nl, Ul,Wl, Fl)}l∈L an atlas of X trivializing E. Then for each l ∈ L there
is a differentiable (holomorphic) real (complex) vector bundle El → Ul of rank
e such that E|Al = (Fl)∗(El|Wl). For this, just to take the trivial bundle El =
Ul ×Ke → Ul.
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In what follows, we will consider E|X′ → X ′ as an E-extendable bundle, with E
the sheaf of germs of differentiable sections of E (see Example 1). If this is the case,
then C = {Al}l∈L, the atlas trivializing E, is associated with E|X′ (cp. Remark
1). Shrinking the open sets of C, if necessary, we get the following commutative
diagram
(5.1)
(C∞
Cnl
)νl |Ul → C∞Cnl (Cnl ,Ke)|Ul → 0
↓ ↓
((C∞X )νl |Al)l → (E|Al)l → 0
↓ ↓
0 0
that improves (2.2) (cp. Notation 1).
Recall that for any N, N∗, p ∈ N the bundle TX ′⊗N⊗T ∗X ′⊗N∗⊗ΛpT ∗X ′⊗E|X′
is (SN,N∗ ⊗ Sp ⊗ E)-extendable (cp. Example 2).
Definition 7. Let X be an abstract finite dimensional complex analytic vari-
ety and E → X a differentiable (holomorphic) K-vector bundle on X of rank
e. An extendable linear connection for E is a K-linear map ∇ : Γext(E|X′) →
Γext(T
K∗X ′⊗E|X′) such that ∀f ∈ Γext((X ×K)|X′) and ∀s ∈ Γext(E|X′) it holds
∇(fs) = df ⊗ s+ f∇s.
Let X be an abstract complex analytic variety of complex dimension n, E → X
a differentiable (holomorphic) real (complex) vector bundle of rank e over X and ∇
an extendable connection for E. If C = {Al}l∈L is an atlas of X trivializing E that
is also associated with TKX ′, then for any l ∈ L there exists a linear connection
l∇˜ : Γ(El) → Γ(TK∗Ul ⊗ El) for El such that ∇|A′
l
= (Fl|A′
l
)∗(l∇˜). Note that the
connection forms of ∇ with respect to any given extendable frames of E|A′
l
and
TKX ′|A′
l
are extendable differential forms.
For this, let (∂) = (∂1, ..., ∂n) and (e) = (e1, ..., ee) be extendable frames
of TKX ′|A′
l
and, respectively, E|A′
l
. The connection forms (θαβ)α,β of ∇|A′
l
with
respect to (∂) and (e) are defined by ∇eα =
∑
β θαβ ⊗ eβ. Now, let (∂˜) = (∂˜1, ...,
∂˜n) and (e˜) = (e˜1, ..., e˜e) be frames of T
KUl and, respectively, El extending (∂) and,
respectively, (e) (cp. (2.7) and (5.1)). Then for any ι ∈ {1, .., n}, υ ∈ {1, ..., e} we
have ∂ι = (Fl|A′
l
)∗(∂˜ι) and eυ = (Fl|A′
l
)∗(e˜υ). Denote by (θ˜αβ)α,β the connection
forms of l∇˜ with respect to (∂˜) and (e˜) and recall that these forms are defined by
l∇˜e˜α =
∑
β θ˜αβ ⊗ e˜β . Then θαβ = (Fl|A′l)∗(θ˜αβ) for any α, β ∈ {1, ..., n}.
Proposition 7. Let X be an abstract finite dimensional complex analytic variety
and E → X a differentiable (holomorphic) real (complex) vector bundle. Then there
exists an extendable linear connection ∇ for E.
Proof. Choose an extendable partition of unity subordinated to a suitable open
covering of X and proceed as for the smooth case. 
Next, letX , E and∇ be as above. ∇ induces the K-linear map∇ : Γext(TK∗X ′⊗
E|X′)→ Γext(Λ2TK∗X ′⊗E|X′) which to any ω⊗s ∈ Γext(TK∗X ′⊗E|X′) associates
∇(ω ⊗ s) = dω ⊗ s − ω ∧ ∇s and then it is linearly extended. The map K∇ :
Γext(E|X′) → Γext(Λ2TK∗X ′ ⊗ E|X′) defined by K∇ = ∇ ◦ ∇ is the curvature of
∇. As a note, for any f ∈ Γext((X × K)|X′) and for any s ∈ Γext(E|X′) it results
K∇(fs) = fK∇(s). So K∇ ∈ Γext(Λ2TK∗X ′ ⊗ E∗|X′ ⊗ E|X′). In order to prove
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that ∇ and K∇ are well defined, use the classical, explicit, local expressions of ∇
andK∇, noting that the differential forms involved in such expressions with respect
to any local extendable frame of E|X′ and TKX ′ are extendable (cp. [Su 1], Ch.
II, Sec. 7).
Let n ∈ N. For each q ∈ {1, ..., n} denote by Σq ∈ C[t1, ..., tn] the qth elementary
symmetric function in the n variables t1, ..., tn and recall that Σq is a polynomial
of degree q.
Let X be an abstract complex analytic variety of complex dimension n, E → X
a differentiable (holomorphic) complex vector bundle of rank e over X and ∇ an
extendable connection for E. Proceeding as for the smooth case, by using the
curvature forms of ∇, that is the extendable forms locally representing K∇, we can
associate a global closed extendable form with any elementary symmetric function
(cp. [Ko], Ch. II, Sec. 2). Namely, let q ∈ {1, ..., n} and argue as in [Ko], Ch. II,
Sec. 2 (see also [Su 1], Ch. II, Sec. 7). The closed extendable 2q-form associated
with ∇ and Σq and achieved in such a way is denoted by Σq(∇) ∈ Γext(Λ2qTC∗X ′).
Next, we define the qth extendable Chern form associated with ∇ as the extend-
able differential 2q-form cqext(∇) ∈ Γext(Λ2qTC∗X ′) given by cqext(∇) = (
√−1/2π)qΣq(∇).
For a local expression of cqext(∇) involving curvature forms of ∇, see [Ko], (2.13).
Note that cqext(∇) is real. Moreover, since it is closed, cqext(∇) represents an ex-
tendable cohomology class [cqext(∇)] ∈ H2qext(X).
As in the smooth case, such a class is independent of the choice of the connection
∇ of E. Indeed, if∇I ,∇II are extendable linear connections for E, then there exists
cqext(∇I ,∇II) ∈ Γext(Λ2q−1T ∗X) such that cqext(∇II ,∇I) = −cqext(∇I ,∇II) and
dcqext(∇I ,∇II) = cqext(∇II) − cqext(∇I). In fact, for the existence of cqext(∇I ,∇II),
proceed as for the classical case. The extensibility of cqext(∇I ,∇II) follows from its
explicit, local expression where only extendable differentiable forms are involved
(cp. [Ko], Ch. II, Sec. 2, p. 38). cqext(∇I ,∇II) is the extendable Bott difference
form with respect to cqext(∇I) and cqext(∇II).
The extendable cohomology class cqext(E) ∈ H2qext(X) defined by
(5.2) cqext(E) = [c
q
ext(∇)]
is the qth extendable Chern class of E. Set c0ext(E) = 1. The class cext(E) ∈
⊕nq=1H2qext(X) defined by cext(E) =
∑n
q=0 c
q
ext(E) is the total extendable Chern
class of E.
Remark 16. Let X be a complex analytic variety of complex dimension n, E → X
a differentiable (holomorphic) complex vector bundle of rank e and C = {Al}l∈L
an atlas of X associated with ΛpTC∗X ′ ⊗ E|X′ for any p ∈ N. Fix l ∈ L and
q ∈ {0, ..., n}.
(1) Let ∇ be an extendable linear connection for E and l∇ a linear connection
for El such that ∇|A′
l
= (Fl|A′
l
)∗(l∇). Then cqext(∇) ∈ Γext(Λ2qTC∗X ′) is
completely extended on Al by the q
th differentiable Chern form cqdif (
l∇) ∈
Γ(Λ2qTC∗Ul).
(2) Let ∇I , ∇II be extendable linear connections for E and l∇I , l∇II lin-
ear connections for El such that ∇I |A′
l
= (Fl|A′
l
)∗(l∇I) and ∇II |A′
l
=
(Fl|A′
l
)∗(l∇II). Then cqext(∇I ,∇II) ∈ Γext(Λ2q−1TC∗X ′) is completely ex-
tended on Al by the Bott difference form c
q
dif (
l∇I ,l∇II) ∈ Γ(Λ2q−1TC∗Ul).
The following observation is a consequence of Theorem 1 and Remark 16.
30 CARLO PERRONE
Remark 17. Let X be an abstract n-dimensional complex analytic variety, E → X
a differentiable (holomorphic) complex vector bundle of rank e and V = {V0, V1} an
open covering of X. Let ∇0 and ∇1 be extendable linear connections for E|V0 → V0
and, respectively, E|V1 → V1. Fix q ∈ {0, ..., n} with q ≤ e and consider the class
(5.3) cˇqext(E) = P
2q∗(cqext(E)) ∈ Hˇ2qext(X,V).
(see Section 3.3). The definition of P 2q∗ : H2qext(X) → Hˇ2qext(X,V) implies that
cˇqext(E) ∈ Hˇ2qext(X,V) is represented by the cocycle
(5.4) cˇqext(∇∗) = (cqext(∇0), cqext(∇1), cqext(∇0,∇1)).
The following remark is in order.
Remark 18. The construction of extendable Chern classes can be extended to
more general cases we do not deal with in this paper. As an example, let X be an
abstract finite dimensional complex analytic variety and E′ → X ′ an SE′-extendable
differentiable (holomorphic) complex vector bundle over the regular part of X. If
the coherent sheaf SE′ associated with E′ admits a finite resolution
0→ Em → ...→ E0 → SE′ → 0
by locally free sheaves E0, ..., Em of C∞X -modules over X, then we can define the total
extendable Chern class cext(E
′) of E′ by setting cext(E′) =
∏
ι∈{0,...,m} cext(Eι)
(−1)ι ,
with Eι the vector bundle associated with Eι.
Now, we consider the relative case.
Let X be a complex analytic variety of complex dimension n, Z the closure of a
non empty open set that is also a polyhedron of X and E → X be a differentiable
(holomorphic) complex vector bundle of rank e. Let T be a triangulation of X
compatible with Sing (X) and Z and q ∈ {0, ..., n}. Set r = e− q + 1 and consider
the (2q − 1)-skeleton Skel2q−1(X,T) of (X,T). Let Z2q−1 be a polyhedron of X
that is the closure of an open set and that is such that Z2q−1 ⊇ Skel2q−1 (X,T) and
Z2q−1 ∼ Skel2q−1 (X,T). Set Z• = Z2q−1 ∪Z and let VZ be an open neighborhood
of Z• such that VZ ∼ Z• .
Let s(r) be a differentiable r-section of E whose restriction at VZ is an r-frame. If
∇ is an extendable linear connection for E that is s(r)-trivial on VZ , then the qth ex-
tendable Chern form cqext(∇) vanishes on VZ . Namely, cqext(∇) ∈ Γext(Λ2qTC∗X ′)Z .
To indicate this fact, we write cqext(∇, s(r)) instead of cqext(∇). So, [cqext(∇, s(r))] ∈
H2qext(X)Z . Moreover, if ∇′ is another extendable linear connection for E that is
s(r)-trivial on VZ , then [c
q
ext(∇′, s(r))] = [cqext(∇, s(r))] as classes in H2qext(X)Z . So,
[cqext(∇, s(r))] ∈ H2qext(X)Z does not depend on the choice of the extendable linear
connection ∇ that is s(r)-trivial on VZ . To prove this, proceed as in [Su 1], Ch. III,
Sec. 3. The class cqext(E, s
(r)) = [cqext(∇, s(r))] is the localization outside Z with
respect to s(r) of cqext(E). Note that, as a relative class, [c
q
ext(∇, s(r))] depends on
the frame s(r) (cp. [Su 1], Ch. III, Sec. 3).
Let X , Z, E → X , q, r, T, Z2q−1, Z•, VZ and s(r) be as above. Set V0 = VZ
and let V1 be an open set in X such that V1 ∩ Z• = ∅ and V0 ∪ V1 = X . Then the
open covering V = {V0, V1} of X is adapted to Z• .
Let ∇0 be an s(r)-trivial extendable linear connection for E|V0 → V0 and ∇1
any extendable linear connection for E|V1 → V1. By the s(r)-triviality of ∇0 ,
we get cqext(∇0) = 0. So, cˇqext(∇∗) = (cqext(∇0), cqext(∇1), cqext(∇0,∇1)) lies in
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Kq(X,V , V0) (cp. Subsection 3.3). In order to indicate this, write cˇqext(∇∗, s(r))
instead of cˇqext(∇∗). Then [cˇqext(∇∗, s(r))] ∈ Hˇ2qext (X,V , V0). Moreover, it can be
proved that [cˇqext(∇∗, s(r))] does not depend on both the choices of the s(r)-trivial
connection ∇0 and of the connection ∇1 (cp. [Su 1], Ch. III, Sec. 3).
The class cˇqext(E, s
(r)) = [cˇqext(∇∗, s(r))] ∈ Hˇ2qext(X,V , V0) is called the localization
outside Z with respect to s(r) of cqext(E). As a reason for this name, note that
cˇqext(E, s
(r)) is the image of cqext(E, s
(r)) via P 2q∗ : H2qext (X,Z) → Hˇ2qext (X,V , V0).
Note that, as a relative class, [cˇqext(∇∗, s(r))] depends on the frame s(r).
Next, we wish to study the following case.
Let X be a complex analytic variety of complex dimension n and E → X be
a holomorphic complex vector bundle of rank e. Take q ∈ {0, ..., n} and set r =
e − q + 1. Let be s(r) a holomorphic r-section of E and denote by S its singular
locus. Since s(r) is holomorphic, S is a closed complex analytic subvariety of X .
Furthermore, S is a polyhedron of X .
Now, suppose that S is compact and let US be an open neighborhood of S in X
enjoying (1) and (2) of Lemma 5. We can assume without loss of generality that
the closure US of US is also compact. Set Z = X \US and note that the restriction
s(r)|X\US of s(r) at X \ US is an r-frame, because X \ US ⊆ X \ S. In the above
situation, both cqext(E, s
(r)) ∈ H2qext(X)Z and cˇqext(E, s(r)) ∈ Hˇ2qext(X,V , VZ), the
localizations outside Z with respect to s(r) of cqext(E), are called localization at S
with respect to s(r) of cqext(E).
5.2. The homomorphisms P ∗k and A
∗
S,k. Let X be a compact irreducible com-
plex analytic variety of complex dimension n and [X ] the fundamental class of X
(cp. Remark 12). For each k ∈ {0, ..., 2n} the cap product with [X ] induces a
homomorphism P ∗k : H
k (X) → H2n−k (X) called the k-Poincare´ homomorphism.
Namely, P ∗k ([c]) = [c] ∩ [X ] for any [c] ∈ Hk (X).
Let X be a compact irreducible complex analytic variety of complex dimension
n. If T is a finite triangulation of X compatible with Sing(X) and if an orientation
of (X,T) is already given, then it can be proved that P ∗k is induced by
(5.5)
P k : C
k
T′
(X) → CT2n−k (X)
c 7→ P k (c) =
∑
∆∈T2n−k c(∆ˆ) ∆ ,
where T′ is the first barycentric subdivision of T, T∗ is the dual block decomposition
of (X,T) and ∆ˆ denotes the dual block of ∆ ∈ T2n−k (cp. [Mu], Ch. 8, Sec. 64).
Let X be a irreducible complex analytic variety of complex dimension n, S a
closed compact analytic subvariety ofX and T a finite triangulation ofX compatible
with Sing (X) and S. If c ∈ Ck
T′
(X,X \ S) is a k-cochain relative to (X,X \ S),
then in a sum as in (5.5) only appear the simplices in S. Namely,
(5.6)
∑
∆∈T2n−k:∆⊆S c(∆ˆ) ∆
Such a finite sum induces a homomorphism A∗S,k : H
k (X,X \ S) → H2n−k (S)
called the (S, k)-Alexander-Lefschetz homomorphism.
The following proposition is a direct consequence of the constructions of P k and
A∗S,k (cp. [Mu]).
Proposition 8. Let X be a compact irriducible complex analytic variety of dimen-
sion n and S a compact analytic subvariety of X. Let k ∈ {0, ..., 2n}. Then the
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following diagram is commutative
Hk (X,X \ S) j
∗
→ Hk (X)
↓ A∗
S,k
↓ P∗
k
H2n−k (S)
i∗→ H2n−k (X)
5.3. Topological Chern classes. We briefly recall the construction of topological
Chern classes for continuous complex vector bundles (cp. [St]).
Take e ∈ N, let r ∈ N be such that r ≤ e and denote by Wr(Ce) the complex
Stiefel manifold of r-frames. Recall that Wr(Ce) is (2e − 2r)-connected and that
π2e−2r+1(Wr(Ce)) ≃ Z has a canonical generator ς (cfr. [St], 25.7).
Definition 8. Let X be a finite dimensional complex analytic variety, Y ⊆ X a
subset of X and E → X a continuous complex vector bundle of rank e.
An r-section of E → X on Y is an ordered family s(r) = (s1, ..., sr) of r contin-
uous sections of E → X over Y . A singular point of s(r) = (s1, ..., sr) is a point
where the sections s1, ..., sr fail to be linearly independent over C. An r-frame
(frame) of E → X on Y is a non-singular r-section (e-section) over Y .
Let X be a finite dimensional complex analytic variety, E → X a continuous
complex vector bundle of rank e and Wr(E) the continuous bundle of complex r-
frames of E over X . Recall that Wr(E) is a bundle associated with E whose fibre
Wr(Ex) over a point x ∈ X is homeomorphic to Wr(Ce).
Set q = e− r+1 and note that 2e− 2r+1 = 2q− 1. The primary obstruction to
constructing a section of Wr(E) is the q
th topological Chern class cq (E) of E. A
priori this class is defined in the cohomology with local coefficients system formed
by π2q−1(Wr(Ex)). But, since the group of transformations of E → X is the unitary
group, that is arcwise connected, this system is in fact trivial (cp. [St], 30.4). Then
the obstruction class cq (E) lies in the integral cohomology group H2q (X).
Next, we introduce the notion of index of an r-section at its singular point.
Let U be an open set inX such that E|U is trivial and κ : U×Wr (Ce)→Wr (Ce)
the projection on the second factor. Let B2q ⊂ U be a suitably oriented ball of
dimension 2q in U , p ∈ B2q be a point in the interior of B2q and S2q−1 the boundary
of B2q. As a note, S2q−1 is an oriented (2q − 1)-sphere. If s(r) is an r-section of
E on a neighborhood of B2q in U and p is an isolated singularity of s(r), then the
map
ψ = ψp : S
2q−1 s(r)→ Wr(E)|U ≃ U ×Wr(Ce) κ→Wr(Ce)
given by ψ = κ ◦ s(r) is well defined.
By the very definition of homotopy groups, the map ψ determines an element ψ
in π2e−2r+1(Wr(Ce)). Furthermore, since π2e−2r+1(Wr(Ce)) ≃ Z ς, there exists an
integer I(E|B2q , s(r), p) ∈ Z such that
(5.7) ψ = I(E|B2q , s(r), p) ς.
Such an integer is the index of the r-section s(r) of E → X at the point p.
Let X be a finite dimensional complex analytic variety, E → X a continuous
complex vector bundle and T a triangulation of X . We try to construct an r-frame
of E, that is a section ofWr (E), on each skeleton of T inductively from the skeleton
of dimension 0.
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First of all, it is always possible to construct a section s(r) of Wr (E) over
Skel0 (X,T).
Next, if ∆h ∈ Th is contained in an open set U of X trivializing Wr(E) and an
r-section s(r) is given on ∂∆h, then there is a well defined map κ ◦ s(r) : S2h−1 →
Wr(E)|U ≃ U ×Wr(Ce) → Wr(Ce) that determines an element in πh−1(Wr(Ce)),
because ∂∆h is homeomorphic to a (2h− 1)-sphere S2h−1. Then, by the very
definition of homotopy groups, if h ≤ 2q − 1 = 2e− 2r + 1, the section s(r) can be
extended to a continuous r-section defined on the interior of ∆h, because for any
h ∈ N such that h ≤ 2e− 2r + 1 it results πh−1(Wr(Ce)) = 0.
Iterating this process, we reach an obstruction for h = 2q. Namely, the r-frame
s(r) can be extended to an r-section on a suitably small ∆2q ∈ T2q with at most
a singularity at an interior point p of ∆ and the measure of such an obstruction is
given by the index I(E|∆, s(r), p) of s(r) at p. So, up to choose a p∆ in the interior of
any ∆ ∈ T2q, we may define a cochain Γ2qT ∈ C2qT (X) associated with s(r). Namely,
Γ2q
T
is the cochain whose value at ∆ ∈ T2q is
(5.8) Γ2q
T
(∆) = I(E|∆, s(r), p∆)
and then it is extended by linearity. It can be proved that Γ2q
T
is a cocycle and that
the cohomology class represented by Γ2q
T
is independent of all the choices made in
the definition (cp. [St]).
The class identified by Γ2q
T
is denoted by cqtop(E) ∈ H2q(X) and it is called the
qth topological Chern class of E → X . The class ctop(E) =
∑e
q=0 c
q
top(E), with
c0top(E) = 1, is the total topological Chern class ctop(E) of E → X . As a note,
ctop(E) is an invertible element of the cohomology ring ⊕r∈NHr (X).
Remark 19. Let X be a compact irreducible complex analytic variety of complex
dimension n, T a finite triangulation of X and q ∈ {0, ..., n}. Then, by (5.5), the
class P ∗2q(c
q
top(E)) ∈ H2n−2q (X) is represented by the cycle
(5.9)
∑
∆∈T2n−2q I(E|∆, s(r), p∆) ∆.
We need observations about the localization of topological Chern classes.
Let X be a complex analytic variety of complex dimension n, Z a polyhedron of
X that is the closure of a non empty open set and E → X a continuous complex
vector bundle of rank e. Let T be a triangulation of X compatible with Z and
Sing(X) and consider Z as a closed subcomplex of (X,T).
Let q ∈ {0, ..., n} and set r = e−q+1. If s(r) is a continuous r-section of E → X
whose restriction at Z is an r-frame, then I(E|∆, s(r), p∆) = 0 for any ∆ ∈ T2q
contained in Z. So, in this case, the cocycle Γ2q
T
∈ C2q
T
(X) representing cqtop(E)
lies in C2q
T
(X,Z) and it represents a class cqtop(E, s
(r)) ∈ H2q (X,Z). The class
cqtop(E, s
(r)) is the localization outside Z with respect to s(r) of cqtop(E). Indeed,
the image of cqtop(E, s
(r)) via the map j∗ : H2q (X,Z) → H2q (X) induced by the
inclusion j : (X, ∅)→ (X,Z) is cqtop (E). Note that, as a relative class, cqtop(E, s(r))
depends on the frame s(r) (cp. [St]).
Next, we study the following case (see the end of Subsection 5.1).
Let X be a complex analytic variety of complex dimension n and E → X be a
continuous complex vector bundle of rank e. Take q ∈ {0, ..., n} and set r = e−q+1.
Let be s(r) a continuous r-section of E and denote by S its singular locus. Suppose
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that S is a closed complex analytic subvariety of X and note that, in this case, S
is a polyhedron of X .
Now, suppose that S is compact. Let US be an open neighborhood of S enjoying
(1) and (2) of Remark 5 and such that its closure US is also compact. Set Z = X\US
and note that the restriction of s(r) at Z is an r-frame, because Z ⊂ X \ S. In
the above situation, cqtop(E, s
(r)) ∈ H2q(X,Z), the localization outside Z with
respect to s(r) of cqtop(E), is called localization at S with respect to s
(r) of cqtop(E).
Furthermore, since (X,Z) ∼ (X,X \ S), cqtop(E, s(r)) corresponds to a class in
H2q(X,X \ S), still denoted by cqtop(E, s(r)).
Definition 9. Let X be an irreducible complex analytic variety of complex dimen-
sion n and E → X a continuous complex vector bundle of rank e. Take q ∈ {0, ..., n}
with q ≤ e and set r = e − q + 1. Let s(r) be a continuous r-section of E → X
and S its singular locus. Suppose that S is a closed compact complex analytic sub-
variety of X. The topological residue of s(r) for cqtop(E) at S is the homology class
TopRescqtop(E, s
(r), S) ∈ H2n−2q(S) defined by
(5.10) TopRescqtop(E, s
(r), S) = A∗S,2q(c
q
top(E, s
(r)))
We have the following remark (cp. Proposition 8).
Remark 20. Let X be a compact irreducible complex analytic variety of complex
dimension n and E → X a continuous complex vector bundle of rank e. Take
q ∈ {0, ..., n} with q ≤ e and set r = e − q + 1. Let s(r) be a continuous r-section
of E → X and S its singular locus. Suppose that S is a closed compact complex
analytic subvariety of X. Then, by Proposition 8,
(5.11) i∗(TopRescqtop(E, s
(r), S)) = P ∗2q
(
cqtop(E)
)
By (5.9) and (5.6), TopRescqtop(E, s
(r), S) is represented by the cycle
(5.12)
∑
∆∈T2n−2q:∆⊂S I(E|∆, s(r), p∆) ∆
If S has a finite number of connected components {Sν}ν∈{1,...,N}, then, corre-
spondingly to the decomposition H2n−2q(S) = ⊕ν∈{1,...,N}H2n−2q(Sν), for any
ν ∈ {1, ..., N} we get the residue TopRescqtop(E, s(r), Sν).
5.4. Localization of differentiable Chern classes. We consider the localization
of differentiable Chern classes of a smooth complex vector bundle defined over a
manifold, assuming that the construction of such classes is already familiar to the
reader. For the necessary background of differential geometry, refer to [Su 1].
Let M be an oriented differentiable manifold of real dimension m. Then M is a
triangulable space. From now on, suppose that a triangulation T of M is already
given and still denote by M the simplicial complex associated with M and T. As
a matter of notations, let S be a subcomplex of M and k ∈ {0, ...,m}. The kth de
Rham cohomology group of M and the kth de Rham cohomology group relative to
(M,M \S) are denoted by HkdR(M) and, respectively, HkdR(M,M \S). Recall that
H2qdR(M) ≃ H2q(M) and H2qdR(M,M \ S) ≃ H2q(M,M \ S).
Let E → M be a differentiable complex vector bundle of rank e over M and
for each q ∈ {0, ..., [m2 ]} denote by cqdif (E) ∈ H2qdR(M) the qth differentiable Chern
class of E.
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Next, take r ∈ {0, ..., e} and let q ∈ {0, ..., [m2 ]} be such that q ≥ e − r + 1.
Let S be a subcomplex of M . If s(r) is a differentiable r-section of E → M
whose restriction at M \ S is an r-frame, then there exists a cohomology class
cqdif (E, s
(r)) ∈ H2qdR(M,M \ S) called the localization at S with respect to s(r) of
cqdif (E).
To prove this, set D0 = M \ S and let D1 be an open neighborhood of S such
that D1 ∼ S. Then D = {D0, D1} is an open covering of M . Let ∇0, ∇1 be
differentiable linear connections for E|D0 → D0 and, respectively, E|D1 → D1 and
consider the Cˇech-de Rham cocycle cˇqdif (∇∗) = (cqdif (∇0), cqdif (∇1), cqdif (∇0,∇1))
representing cqdif (E). Now, if ∇0 is s(r)-trivial, then cqdif (∇0) = 0 and cˇqdif (∇∗)
represents a cohomology class [cˇqdif (∇∗, s(r))] ∈ H2qdR(M,M \ S). It can be proved
that [cˇqdif (∇∗, s(r))] does not depend on the choices of both ∇1 and ∇0 that is
s(r)-trivial (cp. [Su 1], Ch. III, Sec. 3). The class cqdif (E, s
(r)) ∈ H2qdR(M,M \ S)
is defined by cqdif (E, s
(r)) = [cˇqdif (∇∗, s(r))]. As a note, j∗(cqdif (E, s(r))) = cqdif (E),
with j∗ : H2qdR(M,M \ S) → H2qdR(M) induced by the inclusion j : (M, ∅) →
(M,M \S). Notice that, as a relative class, cqdif (E, s(r)) depends on the frame s(r)
(cp. [Su 1], Ch. III, Sec. 3).
Now, suppose that S is also compact. Let {Sν}ν∈{1,...,N} be the finite set
of connected components of S and consider the (S, 2q)-Alexander-Lefschetz du-
ality A∗S,2q : H
2q(M,M \ S) ≃→ ⊕ν∈{1,...,N}Hm−2q(Sν). For each ν ∈ {1, ..., N}
the differential geometric residue of s(r) for cqdif at Sν is the homology class
DifRescq
dif
(s(r), E, Sν) ∈ Hm−2q(Sν) defined by
(5.13) DifRescq
dif
(s(r), E, Sν) = A
∗
S,2q(c
q
dif (E, s
(r))).
In order to give a description of such a residue, let D0, D1 be as above. For
any ν ∈ {1, ..., N} let D˘ν be an open neighborhood of Sν in D1 and Rν an m-
dimensional manifold with differentiable boundary such that Sν ⊂ R˚ν ⊂ Rν ⊂ D˘ν .
Assume that for any ν1, ν2 ∈ {1, ..., N} such that ν1 6= ν2 it holds D˘ν1 ∩ D˘ν2 = ∅.
Then the residue DifRescq
dif
(s(r), E, Sν) is represented by an (m − 2q)-cycle Cν
in Sν such that for any closed differentiable (m − 2q)-form τ ∈ Γ(Λm−2qT ∗D˘ν) it
holds
(5.14)
∫
Cν
τ =
∫
Rν
(cqdif (∇1) ∧ τ ) +
∫
−∂Rν (c
q
dif (∇0,∇1) ∧ τ )
If 2q = m, then the differential geometric residue can be identified with the complex
number given by
DifRescm
dif
(s(r), E, Sν) =
∫
Rν
cmdif (∇1) +
∫
−∂Rν c
m
dif (∇0,∇1)(5.15)
=
∫
Rν
cmdif (∇1)−
∫
∂Rν
cmdif (∇0,∇1)
Next, let M and E → M be as above. We give a topological interpretation of
the residue in case the compact subset S of M is just a point p. Namely, S = {p}.
In order to proceed, we need some definitions. Let z1, ..., zm denote the complex
coordinates on Cm. Write Θ(z) = dz1 ∧ ... ∧ dzm and for each h ∈ {1, ...,m} set
Θh(z) = (−1)hzh(dz1 ∧ ... ∧ d̂zh ∧ ... ∧ dzm). The Bochner-Martinelli kernel on
Cm is (2m − 1)-differential form βm : Cm → Λ2m−1T ∗Cm defined by βm(z) =
(m−1)!
(2pi
√−1)m ·
(−1)
m(m−1)
2
‖z‖2m
(∑m
h=1Θh(z) ∧Θ(z)
)
.
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Let B2m ⊂ R2m ≃ Cm be a ball of real dimension 2m and E → D a differ-
entiable complex vector bundle of rank m defined on a open neighborhood D of
B2m. Suppose there is a non vanishing differentiable section s of E → D defined
on an open neighborhood of the boundary S2m−1 of B2m. Suppose also that the s
is defined on the whole of D with at most an isolated singularity at a point p in the
interior of B2m. Indeed, this can be done, by dimensional reasons. Then, on one
hand, we have the index I(E|B2q , s, p) ∈ Z (cp. (5.7)) and, on the other hand, we
have DifRescm
dif
(s, E, p) ∈ H0(p) ≃ C, the differential geometric residue of s for
cmdif at {p}.
We claim that they are in fact the same number. To prove this, suppose
that E → D is trivial and let e(m) = (e1, ..., em) be a frame of E → D on
D. Then s =
∑m
h=1 fheh, with fh : D → C a differentiable function for any
h ∈ {1, ...,m}. Then we have a differentiable map f = (f1, ..., fm) : D → Cm that
takes the value (0, ..., 0) ∈ Cm only at p ∈ B2m. In the above situation it results
DifRescm
dif
(s, E, p) =
∫
S2m−1
f∗(βm). So, in particular
(5.16) DifRescm
dif
= I(E|B2m , s, p)
(cp. [Su 1], Ch. III, Sec. 4).
Now, we consider a more general case. Let B2m ⊂ R2m ≃ Cm be a ball of
real dimension 2m and D a open neighborhood of B2m. Denote by S2m−1 the
boundary of B2m and let D′ be an open neighborhood of S2m−1. Let E → D
be a differentiable complex vector bundle of rank e. Set r = e − m + 1 and let
s(r) = (s1, ..., sr) be a differentiable r-section of E → D with at most an isolated
singularity at a point p in the interior of B2m and such that its restriction at D′ is
an r-frame. In fact, as before, this can be done for dimensional reasons. Let t ∈ N
be such that t < r, write s(t) = (s1, ..., st) and set s
(r−t) = (st+1, ..., sr). Suppose
that s(t) is non singular on the whole of D. So, s(t) generates a trivial complex
vector bundle Et → D of rank t that is a subbundle of E → D. Suppose that
E → D is the trivial vector bundle. Then we have the following exact sequence
0→ Et → E → E• → 0,
with E• → D a complex vector bundle of rank e − t. Denote by s(r−t)• the (r −
t)-section of E• → D induced by s(r−t). Then s(r−t)• has at most an isolated
singularity at p ∈ B2m. In the above situation it results
(5.17) DifRescm
dif
(s(r), E, p) = DifRescm
dif
(s
(r−t)
• , E•, p)
and
(5.18) DifRescm
dif
(s(r), E, p) = I(E|B2m , s(r), p)
Indeed, if t = r−1, then (5.18) follows from (5.16) and (5.17). For a proof of (5.17),
refer to [Su 1], Ch. III, Sec. 4.
5.5. Topological and extendable Chern classes. We describe the topological
Chern classes by means of the extendable Chern classes.
Theorem 5. Let X be a complex analytic variety of complex dimension n and Z
either the empty set or the closure of a non empty open set that is a polyhedron of
X. Let E → X be a differentiable (holomorphic) complex vector bundle of rank e.
Take q ∈ {0, ..., n} with q ≤ e and set r = e− q + 1.
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Let C = {Al}l∈L be an atlas of X associated with ΛpTC∗X ′ ⊗ E|X′ for any
p ∈ N. Let T be a C-small triangulation of X compatible with Sing (X) and Z. Let
Z2q−1 be a polyhedron of X which is the closure of an open set so that Z2q−1 ⊃
Skel2q−1 (X,T) and Z2q−1 ∼ Skel2q−1 (X,T). Set Z• = Z2q−1 ∪ Z and let V0 be
an open neighborhood of Z• such that V0 ∼ Z• and such that for any ∆ ∈ T2q for
which ∆ * Z it holds ∆ ∩ V0 = ∆ \ {p∆}, where p∆ is the barycentre of ∆.
Let s(r) be a differentiable (holomorphic) r-section of E whose restriction at V0 is
an r-frame. Consider the localizations cqtop(E, s
(r)) and cqext(E, s
(r)) outside Z ⊂ V0
with respect to s(r) of cqtop(E) and, respectively, c
q
ext(E). Then
cqtop(E, s
(r)) = H2qZ (c
q
ext(E, s
(r))).
Proof. Let V1 be an open set of X such that V1 ∩ Z• = ∅ and V0 ∪ V1 = X . Then
the open covering V = {V0, V1} is adapted to Z, because Z ⊆ Z• .
Let ∇0 be an s(r)|V0 -trivial extendable linear conection for E|V0 and ∇1 an ex-
tendable linear connection for E|V1 . Since ∇0 is s(r)-trivial and r = e − q + 1, it
results cqext(∇0) = 0. Then, by Z ⊆ Z•, the cocycle cˇqext(∇∗) = (cqext(∇0), cqext(∇1),
cqext(∇0,∇1)) represents both cˇqext(E, s(r)) ∈ Hˇ2qext(X,V , V0) and cqext(E, s(r)) ∈
H2qext(X,Z).
Let {ρ0, ρ1 : X → R} be an extendable partition of unity subordinated to V .
Then for any ∆ ∈ T2q we have ρ1|∂∆ ≡ 0, because ∂∆ ⊆ Skel2q−1 (X,T) ⊂ Z2q−1 ⊆
Z• . Let R = {R0, R1} be a honeycomb cell system associated with V and suppose
that R0 ⊃ Z•, that R0 ∼ Z• and that for any ∆ ∈ T2q it holds R(1,0) ∩∆ ∼ ∂∆.
Then the inclusions Z• ⊂ R0 ⊂ V0 are homotopic equivalences.
Let Γ2q
T
∈ C2q
T
(X) be the cocycle associated with s(r) and representing the class
cqtop(E) ∈ H2q(X). Such a cocycle is defined by assigning to each ∆ ∈ T2q the
value Γ2q
T
(∆) = I(E|∆, s(r), p∆) (cp. (5.8) and (5.7)). Furthermore, Γ2qT belongs to
C2q
T
(X,Z) and it represents the class cqtop(E, s
(r)) ∈ H2q(X,Z). Indeed, s(r)|Z is an
r-frame. So, I(E|∆, s(r), p∆) = 0 for any ∆ ∈ T2q such that ∆ ⊆ Z (cp. Subsection
5.3).
As a matter of notations, for any C ∈ CT2q (X) set C = C+CT2q (Z). Consider the
operator of integration ηˇ2qZ : Zˇ
2q
ext(X,V , V0) → Z2qT (X,Z) (cp. (4.18) and (4.19)).
We claim that for any ∆ ∈ T2q it results ηˇ2qZ (cˇqext(∇∗))(∆) = Γ2qT (∆).
First of all, if Υ ∈ CT2q (Z), then ηˇ2qZ (cˇqext(∇∗))(Υ) = 0 (cp. Subsection 4.3). So,
for any Υ ∈ CT2q (Z) it results
(5.19) ηˇ2qZ (cˇ
q
ext(∇∗))(Υ) = Γ2qT (Υ),
because Γ2q
T
|CT2q(Z) ≡ 0.
Next, let ∆ be any simplex in T2q. We claim that
(5.20)
∫
∆∩R1 c
q
ext(∇1)−
∫
∆∩R(1,0) c
q
ext(∇0,∇1) = I(E|∆, s(r), p∆)
and this will be enough to conclude, because of the hypotheses on R (see (4.24)
and, more generally, Subsection 4.3).
To prove (5.20), we proceed locally. Take ∆ ∈ T2q and let l ∈ L be such that
Al ⊃ ∆. Let s(r)l be a differentiable r-section of El → Ul extending s(r)|Al on Al.
Let l∇0 be an s(r)l -trivial differentiable linear connection for El extending ∇0 and
l∇1 a differentiable linear connection for El extending ∇1.
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As a matter of notations, write Λ, Λ ∩ R1, Λ ∩ R(1,0) and pΛ instead of Fl(∆),
Fl(∆ ∩R1), Fl(∆ ∩R(1,0)) and Fl(p∆). Then, by Proposition 5 and Remark 16, it
suffices to prove that
(5.21)
∫
Λ∩R1 c
q
dif (
l∇1)−
∫
Λ∩R(1,0) c
q
dif (
l∇0,l∇1) = I(El|Λ, s(r)l , pΛ)
Actually, (5.21) follows from (5.18) and (5.15), because Ul is a differentiable complex
manifold. Then, by (5.19) and (5.20), the cocycles ηˇ2qZ (cˇ
q
ext(∇∗)) ∈ C2qT (X,Z) and
Γ2q
T
∈ C2q
T
(X.Z) coincide and we are done. 
If Z is empty, then the following theorem holds.
Theorem 6. Let X be an abstract complex analytic variety of complex dimension
n and E → X a differentiable (holomorphic) complex vector bundle of rank e. Take
q ∈ {1, ..., n} with q ≤ e. Then
cqtop(E) = H
2q(cqext(E)).
As an application of Theorem 5, we prove an abstract residue theorem. For the
necessary background on topological Chern classes and their residues, see [Su 3],
Ch. 1.
Let X be a complex analytic variety of complex dimension n and E → X a
holomorphic complex vector bundle of rank e. Take q ∈ {0, ..., n} with q ≤ e and
set r = e − q + 1. Let s(r) be a holomorphic r-section of E and denote by S its
singular locus. Then S is a closed complex analytic subvariety of X that is also a
polyhedron of X .
Suppose that S is compact and let US be an open neighborhood of S in X enjoy-
ing (1) and (2) of Lemma 5 such that its closure US is also compact. Set Z = X\US
and let cqtop(E, s
(r)) ∈ H2q(X,Z) and cˇqext(E, s(r)) ∈ Hˇ2qext(X,Z) be the localization
at S with respect to s(r) of cqtop(E) and, respectively, c
q
ext(E). Then, by Theo-
rem 5, cqtop(E, s
(r)) = H2qZ
(
cqext(E, s
(r))
)
Furthermore, since (X,Z) ∼ (X,X \ S),
cqtop(E, s
(r)) ∈ H2q(X,Z) corresponds to a class in H2q(X,X \ S) still denoted by
cqtop(E, s
(r)).
If X is compact and irriducible, then the following abstract residue theorem
holds (see Proposition 8 and Remark 20).
Theorem 7. (Residue theorem) Let X be a compact and irreducible complex
analytic variety of complex dimension n and E → X a holomorphic complex vec-
tor bundle of rank e. Take q ∈ {0, ..., n} with q ≤ e and set r = e − q + 1.
Let s(r) be a holomorphic r-section of E and S the singular locus of s(r). Then
i∗(TopRescqtop(E, s
(r), S)) = P ∗2q ◦H2q(cqext (E)). If q = n, then
(5.22) i∗(TopRescntop(E, s
(r), S)) =
∫
[X]
cnext(E)
As a note, under the hypotheses of Theorem 7, using the notations employed at
the end of the proof of Theorem 5, the right hand side of (5.22) can be written as
(5.23)∫
[X]
cnext(E) =
[∑
∆∈T2n
(∫
Λ∩R1 c
n
dif (
l∇1)−
∫
Λ∩R(1,0) c
n
dif (
l∇0,l∇1)
)
p∆
]
In fact, (5.23) follows from (5.6), because of (5.12), (5.20) and (5.21) (cp. the proof
of Theorem 5).
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5.6. Generalized Camacho-Sad index theorem. As a matter of notations, the
stalk at a of a sheaf S → A is denoted by Sa. LetX be an abstract finite dimensional
complex analytic variety. From now on, the sheaf of germs of holomorphic vector
fields on X is denoted by T X instead of OX(TX). For the necessary background
about foliations, refer to [Br] and [Su 1], Ch. VI, Sec. 6.
Let X be an abstract complex analytic variety of complex dimension n and
Y a complex analytic subvariety of X of complex dimension m  n such that
Y * Sing(X). Set Y ′ = Y \ ((Sing(X) ∩ Y ) ∪ Sing(Y )).
Let F be a holomorphic foliation of X of rank k ≤ m and write Sing(F) = {x ∈
XReg : (T X/F)x is locally free} ∪ Sing(X). Then F|X\Sing(F) is the sheaf of
holomorphic sections of a holomorphic vector bundle F over X \ Sing(F).
Suppose that Y is F -invariant. Then the image of the sheaf homomorphism
F ⊗ OY → T X ⊗ OY , still denoted by F ⊗ OY , is a holomorphic foliation of Y
of rank k and (F ⊗OY )|Y Reg is a possibly singular foliation of the manifold Y Reg.
Consider the following exact sequence of sheaves 0→ F⊗OXOY → T X⊗OXOY →
Q⊗OX OY → 0, set S = (Sing(F) ∩ Y ) ∪ Sing(Y ) and write Y ′′ = Y \ S. Then
(F⊗OXOY )|Y ′′ is the sheaf of holomorphic sections of a holomorphic vector bundle.
By Y ′′ = Y \ S ⊆ Y ′, we have the following diagram
(5.24)
0 → (F ⊗OX OY )|Y ′′ → (T X ⊗OX OY )|Y ′′ → (Q⊗OX OY )|Y ′′ → 0
↓
0 → T Y |Y ′′ → (T X ⊗OX OY )|Y ′′ pi→ NY |Y ′′ → 0
Remark 21. LetM be a complex manifold. For definitions and general results con-
cerning partial connections for a complex vector bundle E → M , see [Ab-Br-To 2]
and [Ba-Bo]. Let H ⊆ TM be an involutive holomorphic bundle. For definitions
and results about H-bundles and (flat) holomorphic actions of H on a given holo-
morphic vector bundle over M , refer to [Ab-Br-To 2] and [Ba-Bo].
Denote by NY ′ → Y ′ the complex vector bundle associated with NY |Y ′ . NY ′
is the normal bundle of Y ′. It is known that NY ′ |Y ′′ → Y ′′ is an (F |Y ′′)-vector
bundle with respect to the map
(5.25)
τ : Γ(F |Y ′′)× Γ(NY ′ |Y ′′) → Γ(NY ′ |Y ′′)
(f, s) 7→ τ(f, s) = π([f˜ , s˜]|Y ′′)
where f˜ and s˜ are sections of Γ(TX |X\(Sing(F)∪Sing(Y ))) such that f˜ |Y ′′ = f and,
respectively, π(s˜|Y ′′) = s. Furthermore, τ is a flat holomorphic action of F |Y ′′ on
NY ′ |Y ′′ (cp. [Ab-Br-To 2]).
Let ∇ be a linear connection of type (1, 0) for NY ′ |Y ′′ → Y ′′ extending the
partial connection (FY ′′ ⊕ T¯Y |Y ′′ , τ ⊕ ∂¯). Denote by K the curvature of ∇. Then
for any symmetric homogeneous polynomial Φ ∈ C[t1, ..., tn] of degree q ∈ {m −
k + 1, ...,m} it results Φ(K) = 0. In particular, cqext(∇) = cqdif (∇) = 0 for any
q ∈ {m− k + 1, ...,m} (cp. [Ab-Br-To 2], Theorem 6.1).
Suppose that NY ′ |Y ′′ → Y ′′ is the restriction at Y ′′ = Y \ S of a holomorphic
vector bundle NY → Y defined over the whole of Y . In this case, NY |Y ′ = NY ′ =
(TXReg|Y ′)/TY ′ and soNY |Y ′′ = NY ′ |Y ′′ . Suppose that Y is compact and globally
irreducible. Then it is possible to localize some extendable Chern classes of Y
around S.
To prove this, let V0 be the open subset of Y defined as V0 = Y
′′ = Y \ S. Let
V1 be a neighborhood of S open in Y , homotopically equivalent to S and such that
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V1 is compact. Set Z = Y \V1 and suppose that both V1 and Z are polytopes with
respect to a triangulation ofX . Then V = {V0, V1} is an open covering of Y adapted
to Z. Let ∇0 be a linear connection of type (1, 0) for NY ′ |V0 → V0 extending the
partial connection (FY ′′⊕T¯Y |Y ′′ , τ⊕∂¯). Let ∇1 be an extendable linear connection
for NY |V1 → V1. Take q ∈ {m−k+1, ...,m}. Then cˇqext(∇∗) = (cqext(∇0), cqext(∇1),
cqext(∇0,∇1)) = (0, cqext(∇1), cqext(∇0,∇1)), because cqext(∇0) = cqdif (∇0) = 0 (cp.
[Ab-Br-To 2]). So [cˇqext(∇∗)] ∈ Hˇrext (Y,V , V0).
Consider the following commutative diagram
(5.26)
H2qext (Y, Z)
H
2q
Z−→ H2q(Y, Y \ S) A
∗
S,2q−→ H2n−2q(S)
↓ ↓ ↓ i∗
H2qext (Y )
H2q−→ H2q(Y ) P
∗
2q−→ H2n−2q(Y )
denote by cqext(NY ,F , Y \ Z) ∈ H2qext (Y, Z) the cohomology class corresponding to
[cˇqext(∇∗)] ∈ Hˇrext (Y,V , V0) and setRescqext(NY ,F , S) = A∗S,2q◦H
2q
Z (c
q
ext(NY ,F , Y \
Z)).
Theorem 8. Let X be an abstract complex analytic variety of complex dimension
n and Y a compact and globally irreducible complex analytic subvariety of X of
complex dimension m  n such that Y * Sing(X). Let F be a holomorphic
foliation of X of rank k ≤ m and suppose that Y is F-invariant. Set S = (Sing(F)∩
Y ) ∪ Sing(Y ) and write Y ′′ = Y \ S. Let NY → Y be a holomorphic vector
bundle on Y whose restriction at Y ′′ coincides with the normal bundle of Y ′′. Then
P ∗2q ◦H2q(cqext (NY )) = i∗(Rescqext(NY ,F , S)). If q = m, then
(5.27)
∫
[Y ]
cmext(NY ) = i∗(Rescmext(NY ,F , S))
We have the following remark.
Remark 22. As an example of a complex vector bundle NY → Y enjoying the above
hypotheses, consider the restriction at Y of the line bundle LY → X canonically
associated with a Cartier divisor Y of the ambient variety X. Another class of
examples is given by subvarieties Y of X which are defined as the zero locus of a
section of a holomorphic vector bundle defined over the ambient variety X. The last
example is similar to the construction for subvarieties of complex manifolds which
are also strongly local complete intersection (cp. [Le-Su]).
Next, we give an explicit expression of i∗(Rescqext(NY ,F , S)) in a simple but
fundamental case. Let X be an abstract complex analytic variety of complex di-
mension 2 and Y be a compact and globally irreducible Cartier divisor of X such
that Y * Sing(X). Consider be the line bundle LY → X canonically associated
with Y and let NY → Y be the restriction at Y of LY .
Let F be a holomorphic foliation of rank 1 of X and suppose that Y is F -
invariant. Suppose that S = (Sing(F)∩ Y )∪Sing(Y ) is an isolated singular point
p ∈ Sing(Y ) ∩ Sing(F) ∩ Sing(X) and that the stalk Fp is generated on OX,p by
a single element of T Xp. Write Y ′′ = Y \ S and recall that NY ′ |Y ′′ → Y ′′ is an
(F |Y ′′)-bundle with respect to the action τ described in (5.25).
LetW1 be a neighborhood of p open inX such thatW1∩Y = {x ∈ X : h(x) = 0},
where h is a local holomorphic definition function for Y defined on W1. Denote by
h the non vanishing section of LY |W1 → X |W1 associated with h. Let V1 be the
neighborhood of p open in Y defined by V1 =W1 ∩ Y . Shrinking W1, if necessary,
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we can assume without loss of generality that V1 is topologically contractible and
that its closure V1 is compact. Set Z = Y \V1 and suppose that both V1 and Z are
polyhedra with respect to a triangulation T of X compatible with Sing(X)∪Y and
such that p is in the interior of some 2-simplex of T. Shrinking W1, if necessary,
we can also assume that on W1 the foliation F is generated by one holomorphic
vector field ̥ ∈ T X . Indeed, the sheaf F is coherent and Fp is generated by only
one element of T Xp.
Write V0 = Y \ {p}, set V = {V0, V1} and note that Z ⊂ V0. Let ∇0 be a linear
connection of type (1, 0) for NY ′ |V0 → V0 extending the partial connection (FY ′′ ⊕
T¯Y |Y ′′ , τ ⊕ ∂¯). Let ∇1 be an h|V1 -trivial extendable linear connection for NY |V1 →
V1. Then cˇ
1
ext(∇∗) = (c1ext(∇0), c1ext(∇1), c1ext(∇0,∇1)) = (0, 0, c1ext(∇0,∇1)).
Indeed, c1ext(∇0) = c1dif (∇0) = 0, because of Theorem 6.1 of [Ab-Br-To 2], and
c1ext(∇1) = 0, because ∇1 is h|V1 -trivial. Let {ρ0, ρ1 : Y → R} be an extendable
partition of unity subordinated to V and set ∇ = ρ0∇0 + ρ1∇1. Then, by (5.27),
(4.17), (4.12) and (4.24), it results
(5.28)
i∗(Resc1ext(NY ,F , p)) =
∫
[Y ]
c1ext(NY ) =
∫
Y
c1ext(∇) = −
∫
Lk(p)
c1ext(∇0,∇1),
with Lk(p) ⊂ V0 ∩ V1 the link of p in Y with respect to a triangulation T• of X
compatible with Sing(X) ∪ Y ∪ {p}. As a note, T• 6= T, because p is not a vertex
of T.
So, we only have to explicitly compute the extendable Bott difference form
c1ext(∇0,∇1). To do this, observe that c1ext(∇0,∇1) is defined on the differen-
tiable complex manifold V(0,1) = V0 ∩ V1. Consider the differentiable vector bundle
E = NY |V(0,1) ×R→ V(0,1)×R and let ∇¯ be the linear connection for E defined by
∇¯ = (1 − ς)∇0 + ς∇1, with ς ∈ R. Let Ξ∗ denote the integration along the fibres
of the projection Ξ : V(0,1) × [0, 1] → V(0,1). Then, by its very definition, we have
c1ext(∇0,∇1) = Ξ∗(c1dif (∇¯)).
Let h and h be as above. By the parametrization theorem (cp. [Gu], Vol. II,
Ch. D), we may find a holomorphic function y :W1 → C defined on W1 such that
(dh ∧ dy)|Y ′ does not vanish on a neighborhood V of Y ′ \ {p} that, without loss
of generality, we can assume to contain V(0,1). Then (h, y) are local coordinates
on XReg near p and y is a local coordinate on Y ′ near each point of Y ′ \ {p}. In
particular, y is a local coordinate on V(0,1) ⊂ V1 \ {p}. Since Y is F -invariant,
using the coordinates (h, y) and with slight abuses of notation, we can write the
holomorphic vector field̥ ∈ T X generatingF onW1 as̥ = a(h, y)h ∂∂h+b(h, y) ∂∂y ,
with a and b holomorphic functions defined onW1 such that b(0, y) is not identically
equal to zero.
Let θ¯ be the connection form of ∇¯ and θ0 the connection form of ∇0. Since ∇1 is
h|V1 -trivial, the connection form θ1 with respect to h|V1 is zero. Then θ¯ = (1− ς)θ0
and
(5.29) c1ext(∇0,∇1) =
√−1
2pi Ξ∗(dθ¯) =
1
2pi
√−1θ0
Now, to compute θ0|Y ′\{p}, look at the very definition of θ0 and τ (cp. (5.25)). In
fact, since ∂
∂h
∈ Γ(V(0,1),TX |V(0,1)) is an extension of h|V(0,1) ∈ Γ(V(0,1), NY |V(0,1))
on V(0,1), it results θ0(
∂
∂y
)h|V(0,1) = (∇0) ∂
∂y
(h|V(0,1)) = τ ( ∂∂y |Y ′\{p}, h|V(0,1)) =
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−a(0,y)
b(0,y) h|V(0,1) . Then θ0 = −a(0,y)b(0,y) dy. So, by (5.28) and (5.29), we get the fol-
lowing formula for the residue
(5.30) i∗(Resc1ext(NY ,F , p)) = 12pi√−1
∫
Lk(p)
a(0,y)
b(0,y) dy
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